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Abstract

In this paper, we discuss in more detail some of the results on the statistics of the trace of the
Frobenius endomorphism associated to cyclic p-fold covers of the projective line that were presented
in [1]. We also show new findings regarding statistics associated to such curves where we fix the
number of zeros in some of the factors of the equation in the affine model.

MSC: 11G20, 11T55, 11G25

1 Introduction

Let p be a prime and fix a prime power ¢ such that ¢ =1 (mod p). In [1], we discussed the statistics for
the distribution of the trace of the Frobenius endomorphism of curves C' when C varies over irreducible
components of the moduli space of cyclic p-fold covers of P}(F,). To do so, we first consider all curves
with affine models

YP=F(X), F&€Fa,.d-1) CFlX], (1.1)

Fldy,dy_) = 1F= FF}... pr’__ll :F1,...,F,_1 € F4[X] are monic, square-free, pairwise coprime,
and deg F; = d; for 1 <i<p—1}.

Unless otherwise mentioned, all polynomials will be monic.

Roughly speaking, varying over all curves of an irreducible component of the moduli space of cyclic
p-fold covers means to vary over models (1.1) with F' in certain unions of sets of the type Fldy,ody—1)s
and statistics for the trace of Frobenius over the components of the moduli space can be deduced from
the statistics associated to these sets (see Section 5).

Let 1, € C* be the set of pth roots of unity, let ug = u, U{0}, let £, be a primitive pth root of unity,
and let x, be a non-trivial character of order p of F,. Let C' be the cyclic p-fold cover with affine model
(1.1). Then, the number of affine points of C' is

Z L+ xp(F(2)) = p+ Sp(F),

z€lF,
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and the affine trace is

—Sp(F) ==Y xp(F(x)).

z€F,

Theorem 1.1. [I, Theorem 7.8] Let €1,...,6p—1 € ug such that m of the €; are zero. Then, as
dl,...,dp,1 — 00,

H{F € Fay,ay 1) Xp(Fla:)) =ei, 1 <i < q}| N ( p—1 >m (p( q ))l]m'

\f<d1,u.,dp71>| q+p—1 q+p—1

Furthermore, let X1,...,X, be q i.i.d. random variables taking the value 0 with probability (p — 1)/(q +
p—1) and each of the values in p, with equal probability q/(p(¢+p —1)). Then, as di,...,dp—1 — 00,

q
~ Prob <Z X; = t)
=1

{FeFa, a0 : Sp(F)=t}]
’f(d17-..7dp71)}

for any t € Z[¢,) C C.

The case p = 2 was proven in [2], and the case p = 3 was proven in [1]. The proof of the general
case was sketched in [1], and we give more details in Section 3 of this paper. It may not be clear a priori
where the random variables of Theorem 1.1 come from, but they can be explained by a simple heuristic.
See [1] for more details.

As an intermediate step in the proof of Theorem 1.1, we have to consider the sets of polynomials

]:((5115::11)) ={F € Fa,.a, . : F; has k; roots over Fy,1 <i<p—1}.

Those spaces do not have a natural geometric interpretation as the sets of polynomials Fg,, .. 4, ,)
which parametrize irreducible components of moduli spaces, but they also lead to interesting results
involving natural probabilities. We present those results in this paper. We first concentrate on the case
p = 3 where the results are easier to explain, and then move on to the general case for any odd prime p.

Theorem 1.2. Fix 0 < k < q and let
f(]‘&l’dﬁ ={F = F\F} € Fa, a,) : F> has k roots over Fy} .

Letey,...,eq € {07 1,53,5%} such that m of the ; are zero. Then, as dy,dy — 00,

HF € Flonan s X3(F(xi)) =i, 1< < Q}‘ ) 1 \™" a-m
Iz o) (qﬂ) (3@3 1)) |

(d1,d2)

Let X1,...,X, be random variables taking the value 0 with probability 1/(q + 1) and any of the values
1,&3, €2 with equal probability q/(3(q + 1)) together with a bias counting the number of k-tuples of roots
taken by the variables (as described in Section 2). Then, as dy,ds — o,

HF Ef(kdl,dg) : S3(F) :t}’ P (Zq:xi :t>

k :
]:(d1,d2) =1

for any t € Z[¢3) C C.



The proof of Theorem 1.2 is given in Section 2. We can interpret those results in the following way:
Let F4 be the set of monic square-free polynomials F' of degree d. It follows by exactly the same steps
as Theorem 1.1 for p = 2 that, as d — oo,

H{F e Fy: S3(F) =t} SO
7 ~ Prob (2}( —t>, (1.2)

where X1,..., X, are 1.i.d. random variables variables taking the value 0 with probability 1/(¢ + 1) and
any of the values 1, &3, &3 with equal probability ¢/(3(¢+1)). ! Then, if F> has no roots over F, (k = 0),
the polynomials F' € ‘F(chl, d2) lead to the same probability as the square-free polynomials. If F5 has k
roots over I, (1 < k < g), then the random variables X, ..., X, of Theorem 1.2 are distributed in such a
way that the probability that X; = ¢; for 1 <14 < ¢ depends on m, the number of zeros among ¢, ...,¢,
(and the X; are not i.i.d. in this case). More precisely, Prob(X; = ¢;,1 <i < ¢q) is (7')T~" times the
probability associated with square-free polynomials, where (7,?) is the number of k-tuples of zeros among
€1,...,&¢ and T is a normalizing factor insuring that the sum of the probabilities is 1 (see Section 2
for more details). We then say the probability Prob(X; = €;,1 < i < ¢) in this case is the probability
associated with the family of square-free polynomials biased by the number of zeros of €1, ..., &,.

We now study the general case, where we take polynomials F = F} F3 ... F;;:ll in Fa,,..,d, ,) where
some of the F; have a prescribed number of roots.

Theorem 1.3. Fiz1 <v <p—1, and let kyy1,...,kp—1 be non-negative integers with k = kypq +--- +
kp—1. We also suppose that 0 < k < q. Let

Ky g1 yeney kp— .
f((dl,nf(li,,,l)p 1) _ {F € Fy,....dp_r + T has ki roots over Fy, v+1 <1 < q} .

Letey,...,eq € ug such that m of the €; are zero. Then, as dy,...,d,—1 — o0,

..... 1) f

]__(*,karl,...,k?p—l) (Z:)

HF € ]'—((sl’kw:i,...,kpfl) xp(Fli)) =€, 1 <0 < qH (™ ( v >m—k < ¢ >q_m
+v +v ’
(d1,..ydp_1) q p(q )

Let X1, ..., X4 be ¢ random variables taking the value 0 with probability v/(q+v) and any of the values in
Wy with equal probability q/(p(q + v)) together with a bias counting the number of k-tuples of roots taken
by the variables (as described in Section 8). Then, as di,...,d,—1 — 00,

{rerGlm ™ s = q
~ Prob Z X, =t

(*,kvg1y--rkp—1)

(d1,..esdp—1) i=1

for any t € Z[¢,] C C.

The proof of Theorem 1.3 is given in Section 4. We can interpret the results as we did for the case of
p=3. Ifv=1and k = 0, then the probability for the set of polynomials FyF3 ... Fg:ll is the same as
for the square-free polynomials. If v = 1 and 1 < k < ¢, then the probability Prob(X; =¢;,1 <14 <gq) in
this case is the probability associated with the family of square-free polynomials biased by the number

I The difference between (1.2) and Theorem 1.1 with p = 2 is that in the former case, we consider the trace S3(F) and in
the latter case, the trace S2(F'). Both results follow directly from a count on how many polynomials in F,; take a prescribed
set of values.



of zeros of €1,...,6,. When v = 2 and k = 0, then the probability Prob(X; = &;,1 < i < ¢) in this
case is the probability associated with the family of polynomials F} F? with F}, F» monic, square-free and
co-prime. If v =2 and 1 < k < g, the probability Prob(X; =¢;,1 < i < ¢) in this case is the probability
associated with the family of polynomials of the form FyF§ biased by the number of zeros of 1,...,&,.
The general case follows similarly.

We can give a more geometric version of Theorem 1.1 in terms of the moduli space of cyclic p-fold
covers. For any prime p, let H, , denote the moduli space of cyclic p-fold covers of genus g. It breaks into

a disjoint union of irreducible components H(%-+%-1) indexed by the inertia type of the branch points
of F(X), and

Hyp = U (1) (1.3)
di+2da+--+(p—1)dp—1=0 (mod p)
29=(p—1)(d1++dp_1—2)
where the union is disjoint and each component (414 -1) is irreducible (see Section 5 for more details).
We remark that for p = 2, there is just one component in the above decomposition and the moduli space
is irreducible.

Consider the first étale cohomology group with Qg coefficients, where £ = 1 mod p (so it contains the
pth roots of unity). The group of order p generated by the cyclic automorphism acts on the curve C
and therefore on the first cohomology group, which gives us a representation of the aforementioned cyclic
group on this Qg-vector space. Since the group is abelian and we have enough roots of unity in Qg, the
representation splits into a direct sum of 1-dimensional representations. Since these are 1-dimensional
representations, they correspond to multiplication by some scalar. In order to find the scalar, one can
use the Lefschetz—Verdier fixed point formula from which it follows that our cyclic automorphism acts on
these subspaces by multiplication by different powers of x;, and the dimensions of isotypical subspaces are
equal. For more details, see [3]. However, the Riemann—Hurwitz formula shows that the trivial character
appears with multiplicity 0. This shows that the cyclic automorphism of order p that splits the first
cohomology group of C' into p — 1 subspaces H>1<p’H>1<,%’ . ’H>1<§’1 on which the automorphism acts by

multiplication by X, XIQJ, . ,Xg_l respectively. Futhermore, the action of the cyclic automorphism is
defined over the base field F, (since this contains the pth roots of unity) and Frobenius fixes F,. Thus the
two actions (of Frobenius and of the cyclic automorphism) commute and it suffices to study the trace of
the Frobenius on one of these subspaces, say Tr(Frob¢ | H}l{p). Moving to another subspace corresponds

to a new choice of the character x,.

Theorem 1.4. [1, Theorem 7.4] If q is fized and di, ... ,d,_1 — oo, the distribution of the trace of the
Frobenius endomorphism associated to C' as C ranges over the component H(@1d=1) of cyclic p-fold
covers of P*(F,) is that of the sum of g+ 1 i.i.d. random variables X1,..., Xq+1, where each X; takes the
value 0 with probability (p — 1)/(q +p — 1) and each value in p, with probability q/(p(q¢ + p — 1)). More
precisely, for any t € Z[¢,] C C with |t| < ¢+ 1 and any 1 > ¢ > 0, we have, as di,...,dp—1 — 00,

!/

Hc € Hb1) : Te(Frobe | ) = —t}

q+1
|’H(d1,...,dp71)|/ ~ Prob (Z X; = t) ]

i=1

In the last theorem, and in the rest of the paper, the ’ notation, applied both to summation and
cardinality, means that curves C' on the moduli spaces are counted with the usual weights 1/|Aut(C)| (as
in the mass formula). The proof of Theorem 1.4 is given in Section 5.



2 Cyclic trigonal curves and proof of Theorem 1.2

For p = 3, a cyclic p-fold cover of P!(F,) is called a cyclic trigonal curve, and every cyclic trigonal curve
has an affine model of the form Y? = F(X) where F(X) = Fy(X)F2(X)? € Fa,.45)-
Let 0 < k < q. We consider in this section the sets of polynomials

f(]“dhdz) = {F = F\F} € Fa, 4,) : F> has k roots over F} .

Fix ¢ =1 (mod 3). In all this section, {5 denotes a non-trivial third root of unity in C*, and 3 a
non-trivial cubic character of F,. We will denote by (, the (incomplete) zeta function of the rational
function field F,[X] given by

=S F=T[0-1P) =g
F P

Proposition 2.1. [I, Proposition 4.5] Let 0 < £ < q, let x1,...,x¢ be distinct elements of F,, and
ai,...,ag € Fy. Then for any 1 > ¢ >0, we have

qul +d2

‘

. N — ; _ q (1—&)da+el —dy /240
F € Fyay: Flx) =ai,1 <i< )| = 140 + :
{ (drda) * F(21) J Gq(2)? ((q+2)(q—1)> ( ( ! ))

where

=Tt o) )

and the product runs over all monic irreducible polynomials of F,[X].
In particular, taking £ = 0, we have

Rl = S (o) =
q

The statistics for the number of polynomials F' € ]—'(”“d1 da) taking prescribed values then follow easily
from the previous proposition.

Corollary 2.2. [1, Corollary 4.4] Let x1,...,x4 be an enumeration of elements in Fy. Let aq = ...
am =0, and ami1,...,aq € Fy. Then, for 1 > >0,

% (1 L0 <q7(175)(d27k)+5q 4 qf(d1+k7m)/2+q)> .
Corollary 2.3. Let x1,...,2, be an enumeration of elements in F,. Let a1 = ... = a,, = 0, and
Amt1s---50q € Fy. Then, for 1 >¢e >0,
‘{FE.F(kdhdz)F(.’L’,L):a“lglgq}’ _ (7]7@74) 1 >m—k( q )q—m
ko B +1 —1)(g+1
‘;(dhdz) q (¢=Dlg+1)

(T
k
% (1 L0 (q—(l—s)(dg—k)-i-eq n q—(d1+k—3q)/2)) ’



and

‘{Fe}‘(’fl’ )X (F(mi)):si,lgigq}’ ™ . .
P - ) (k)

« ( ( (1=e)(da—k)teq | o= (di+h— 3q>/2))

Proof. We first use Corollary 2.2 to compute ‘f(’“dl_’dz) ‘ Let M(a1,...,aq) be the number of values of a;
which are zero. Then

q
Z Z ‘{Fef(kdth)F(xl):a“]_glgq}‘

m=k (ay,..., ag)E(Fg)d
M(ay,...,aq)=m

k
‘}-(dl ,d2)

By Corollary 2.2, the main term of the above sum equals
qu1+d2 q q 4 q m\ _,, qu1+d2 g q— 7m
—ar ) 2 4 T Z
q(2) q+2 g\ k G(2) q + q+2 i
q Kqhtda—k q+1
- (k)<q<2>2<1+q-1>k( +2>
Taking the maximal value of the error term for m between k and ¢, this gives

q Kqhtda—k g+ 1\* —(1—e)(da—k)+ (i Ak
= 1+0 €)(dz—k)+eq (ditk=30)/2)) (2.3
(k><q<2>2<1+q—1>'f g+ 2 (1+0(s +a ) 23)

k
’}—(dl,dz)

The first assertion follows by dividing the result of Corollary 2.2 by ’]—'(kdh da) ‘, and the second assertion by
remarking that for e; = 0, then x(F(x;)) = ¢; if and only if F(x;) = 0, and for ; = 1, then x(F(z;)) = &;
if and only if F'(z;) is one of the (¢ — 1)/3 cubes in F}, and similarly for ¢; = &3, £. O

Taking d;,dy — oo in Corollary 2.3, this proves the first statement of Theorem 1.2.

We can also describe the asymptotic of Corollary 2.3 in terms of a natural probability.

Let X be the random variable taking the value 0 with probability 1/(¢+1), and any value € {1, &3, §§}
with probability ¢/(3(q 4+ 1)), as in Theorem 1.2. For each g-tuple (g1,...,g,) € {0, 1,53,53}‘1, let m
be the number of ¢ such that ¢; = 0. Let X;,..., X, be random variables distributed as X with a bias
counting the (unordered) k-tuples {i1,...,ix} C {1,...,q} such that ;, = --- =¢&;, = 0. More precisely,

let
Prob (== 12120 = (V) 7 (74 1>m (51 1>>qm’ 24)




where

N~
|

> W) )

(e1,24)€{0,1,65,€3 }7

- S0 () ()
)2 ()G GH)

>

Using the value of T in (2.4), we get

m—k q—m
: (%) g
rob (X = =a) (+) (qH) (3(q+1)> 25
which is the probability appearing in Corollary 2.3.
The second statement of Theorem 1.2 follows by summing the probabilities for all tuples (e1,...,¢4)

such that ey +--- +¢, = t.

3 General p-fold covers and proof of Theorem 1.1

We recall that
Fldyody—1) = {F = F1F22 e F;f:ll : F;monic, square-free, pairwise coprime, deg F; = d;,1 <1 <p— 1} .

The proof of the following proposition was sketched in [1]. We give more details here. For F,G € F,[X],
let ged(F, G) denote their greatest common divisor.

Proposition 3.1. [1, Proposition 7.1] Fiz 0 < ¢ < q, x1,...,x¢ distinct points in Fy and aq,...,ar
nonzero elements of Fy. Then, for each r > 1 and € > 0,

. N — . . o erlqdl+ dr 4 '
{F € Fr,an : Fla) = a1 Si < 0} = — \lg+na-1

Cq(2) r)(
X (1 + @) <q6[ Z qe(dh"""""'dr)_dh + q—d1/2+£>> 3
h=2
where
erl = K1 e K’rfh
with )
J .
K‘ = 1 — 3 3 ] Z 1a
! 1;[ ( (1Pl +1)(|P] +J))
and Ko = Ly = 1. Furthermore, taking £ =0, this gives
LT, qd1+"'+dr r 3 B
’]:(dl,...,dr) 2(—2)74 140 an(dh-i- +dr)—dpn +q dy/2 ) (31)
a h=2



Proof. If r = 1, F(4,) is the set of square-free polynomials, and this is Lemma 5 in [2], where the empty
sum ¢~% 4 - 4+ ¢~ % of the error term is understood to be 0. We then suppose that r > 2. Let
Gay....d, = {(F1,..., F}) € F,[X]" : F; monic, square-free, pairwise coprime, deg(F;) =d;,1 <i<r}.

By Lemma 4.2 in [1],

HF S }—(dl,...,d,,) : F(Z‘Z) =a;,1 <1< €}|

= > st

(F2,....Fr)€9qy, ... dy

M7y Fj(;)7#0,1<i<e
qdﬁe
- Y [T a+ipHr+ > od"?)
G(2)(1—q72) Py, Fr)€Gay . 4y P|Fy...Fy (Fa.- -, Fr)€Gq, . d,
M5y Fj(z;)#0,1<i<e 15y Fj(w;)#0,1<i<e

dy—/¢
q dy/2+da+...+d
=t Y Y WR..F 0( 1/2+d2 ) 3.2
L@ =) (oo )+ 0N 52
deg Fr.=d, deg Fa=d2
where, following the notation from Lemma 4.2 in [1],

SY)=|{FeFy:(FU)=1,F(z;) = a;,1 <i <t}

and we define

_ F)Ipp(1+ P77 F(ay) #0,1 <i <Y,
- otherwise,
for any polynomial F' € F,[X]. (Here the product is over all the monic irreducible polynomials P € F,[X]

dividing F.)
We now evaluate

M= > ... ) b(F...F).

deg F\.=d,. deg Fy=d>

We notice that b is multiplicative and that b(Fy ... F,.) = 0 if the F; are not relatively prime in pairs.
Then we have

M= > > > b(Fy) ... b(E,).

deg(Fr)=d, deg(Fr_1)=dyr_1 deg(Fp)=da
ged(Fy_1,Fp)=1 ged(Fy, Fr)=1,...,gcd(Fg,F3)=1

For any j > 1, let

V(p) = {uQ(F) [Ipr(+4IPI7)7" Fai) #0,1 <i < ¢, ged(FU) =1,
! 0

C -
otherwise.

Notice that in particular, b(F) = ci (F). Then we can write

M= Y cl(F) > T (Froa) oo Y (R,

deg(Fr):dr deg(prl):drfl deg(Fg):dQ



Using Lemma 3.2 with j = 1, we have

Kig® (q+1\° Pl +1
Fs...F, _ 19 q e(do+-+dp+0)—ds
> (k) ¢ 2) (q+2) P|FIIF (|P|+2> (1+O(q )>(3'4)
3. Fp

deg(F2)=d>

Using (3.4) in (3.2), this proves the theorem for » = 2. For r > 3, we first have to evaluate

Z Cf‘lmFr(Fg) Z Cfg...Fr(Fz)

deg(F3)=d3 deg(F2)=ds
Kyq% <Q+1 ‘ Fy..F <|P|+1) ot tdy+£)—d:
— el Fr (1—&—0((]6( ot tdrtL) z))
oo \grz) 2 a1 (s

) deg(Fg):dg Png...Fr

Kiq® <q+ 1\ I <|P| + 1) > 2 |P| (da+-tdpt-0) —d:
_ g+l w2 (F) T (140 (gtrrtrtn=iz))
Cq(2) q+2 P|F;...F, |P| +2 deg(F3)=dg P|F3 |P| 2

F3(z;)#0,1<i<¢
ged(Fg,Fy...Fr)=1

do 1
N Iqu(qz) <ZI;> H (I]Zj: i;) Z C?“"'F'f(Fg) (1 +0 <q€(d2+~~-+dr+2)7d2)) .

P‘F4...F,« deg(Fg):dg

Using Lemma 3.2 with j = 2, this gives

Yoot Y ()

deg(F3)=d3 deg(Fz)=ds
4
_ Kleqd22+ds (q + 1) H <|P + 1) (1 10 (qs(d2+---+dr+£)fd2 i qg(d3+...+dr+z),d3)> .
C(2) q+3 \Fs... F, |P|+3

Using the last equality in (3.2), this proves the Proposition with » = 3. In general, continuing in this
way up to the last sum > deg Fr—d,» We obtain the result. O

Lemma 3.2. Assume the hypotheses of Proposition 3.1 and let U be a polynomial of degree u with
U(x;) #0 for 1 <i<{. Let j > 1, and let céj(F) be defined as in (3.3). Then for any 1 >¢e >0,

Kt og+i ' |P| +j e(dtut0)—
> C?(F)*cqjm) (q+j+1> 11_[[]<IPI+J’+1) (”O(qm“) d))

deg(F)=d

Proof. We will use the function field version of the Wiener-Tkehara Tauberian Theorem. This is Theorem
17.1 in [5]. For our application, it is important to get an error term which is independent of U and ¢ and
for this we need a more precise statement of the Tauberian Theorem than in [5] so we will go through
the proof here.

First, we consider the Dirichlet series

o) 1L |P|
G =2 G =l (1 pp i)

P
P(2;)#0,1<i<t,P{U

_ %) g, 1\ Lo e
S0 (14 5e7) IHU<”|P|S i)




where

T (1 J
Hj(s) H(l <P|s+1><P|+j>>'

P

In the above, we have used the hypothesis that U(z;) # 0, and therefore the primes P|U are different
from the primes X — x; for 1 < ¢ < ¢. Notice that H;(s) converges absolutely for Re(s) > 0, and G, (s)

_ 1l—s

is meromorphic for Re(s) > 0 with simple poles at the points s where (,(s) = (1 — ¢'7*)~! has poles,

that is, s, = 1+ ifo’”;, with n € Z. Notice that H;(1) = K, and Res;=1(,4(s) = @. Thus G,(s) has a
simple pole at s = 1 with residue

K (_ati Y LS
Cq(Z)logQ(C]-l—j—l—l) IHJ(|P|+3‘_~_1' (3.5)

Define Z(u) by Z(¢~°) = G,(s). Thus

1— qu2 uq —£ .] udcg qucg P -1
Z(u) = 1 1-— 14+ ———5—— .
W=t (1 755) M- g ) (s

P PlU

Fix any € such that 1 > ¢ > 0. Then Z(u) is a meromorphic function on the disk {u | |u| < ¢ ¢} with a

simple pole at u = ¢~1. Let C = {u € C | |u| = ¢~¢}, oriented counterclockwise. For any 0 < § < ¢~1,

let Cs = {u € C | |u|] = ¢}, oriented clockwise. Notice that fd(ﬂ is a meromorphic function between the

two circles, with a simple pole at v = ¢~! with residue

Z(u)

Z(u)

_ -1
Resy=q-1 wdtt uglqn,l(u -9 )ud+1
N .
K; ( q+) ) H( [Pl +] ) d
_ : ‘ q°.
@) \g+j+1) \ gy \IPI+j+1
Thus by the Cauchy integral formula,
1 Z K; i\ P|+;
— 2wy, - K ( g+ ) 11 ("“) ¢c. (3.6)
210 Joy 40 utt G(2) \g+j+1 |Pl+7+1

P|U

Now we observe that

Thus

! fd(fl) du = — Z cgj(F) (3.7)
deg F=d

i b,
Combining (3.6) and (3.7) we see that

v K o at+i ' |P| +j i, 1 [ Z)
2 o= <q+j+1> H<P+j+1> 1 +%7{cud+ldu'

P|U

10



Let M be the maximum value of |Z(u)| on C. Then clearly

o f 200 <

211 C Ud+1 -

SO

_ K a+i \* |P| + j .
> )=y (q+j+1> H(|P|+j+1> 0"+ OMG). (3:8)

deg(F)=d P|lU

To conclude the proof we note that

M= max |H,(s) (1+ ! )é 11 (1+ ! [Pl )1
= X j T~ rmp —
o—sl=q== ’ (g +7) |Pls [P+

PlU

1 —q —£ H |P| 5 l ¢ qsl H |P|5 < qu|U|s — oS(utt) (3.9)
P|U P|U

By (3.9), the absolute error term in (3.8) is O (¢5(¢***9)) and we get the result.

O
Proposition 3.1 will be used with r =p — 1.
Denote
]:(5117'"'” P 1) { - 1 € Flay,....d,_,) : Fi has k; roots in Fy, 1 <4 <p— 1}.
Corollary 3.3. Fizr 0 < m < q. Choose x1,...,x4 an enumeration of the points of F,, and values
a; = =am =0, Gmy1,-..,09 € IF* Pick a partition m = ki + ...+ kp—1. Then, for any e > 0,

HFEI&? e 11))'F($i)=ai,1§z‘SQH

(o) 1) (amamn)
C \kse ke Cq(2)P~1 g+p—1 (g+p—1)(g—1)

p—1
X (1 +0 (qeq Z qs(dh""""‘rdp—l—(kh+'~'+kp—1))—(dh—kh) + q—(d1—k1)/2+q>> )

h=2

Proof. Let F be a polynomial in F((kl’ d”’l) such that F(x;) = a; for 1 <i < ¢q. Then, F can be written

....... 1)
as m
H —J?] X))

where the b; are positive integers with the property that for any 1 < ¢ < p — 1, the number of b;’s such
that b; =i is k; and G € Flg,—g,,....d,_,~k,_,) 18 such that G(z;) # 0 for 1 < i < g. There are then

(k1 " 1) choices for the b;’s. After this choice of b;’s, we choose the values a; = G(z;) for 1 < i < m.
ok
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This gives,

HFeﬁ%gﬁj}F@gszgigﬁ‘
m i e
= (k i ) Z G € Fldy ki do—koydy_1—ky_1) - G(Ti) = a; H(xi — ;)70
Liee o Bp=1/ o1 am) j=1
E(W?;)"”
form+1<i<gq, and G(z;) = «; for 1 <i<m}‘.

The result is proved by using Proposition 3.1 with » = p — 1 in the last expression. O
Corollary 3.4. Choose x1, ...,z an enumeration of the points of Fy. Fir0 <m < g, a1 =...=amy, =0
and a1, .. .,aq € Fy. Then for any e > 0,

, Lp_oghttdr / p—1 \" q o
Fe}-d,..‘d, F(x)=a;,1<i<qp| = d
i (hsty) (1) H (2P~ q+p—1 (¢+p-1(¢-1)
p—1
« (1 +0 <q€q+(1€)m Z gEldntrtdpn)=dn 4 q(dlm)/2+f1>> .
h=2
Letey,...,eq € ,ug and let m be the number of values of e; which are 0. Then for any € > 0,
. LyoqBttd f p—1 \" q o
F € Fy,.dy_r) : Xp(F(2i)) = €i,1 <i < q}| = - ——
i (=) * X (F (7)) J q(2)P~1 a+p—1 plg+p—1)
p—1
X (1 +0 <QEQ+(1—E)m Z qe(dh-&-~~~+dp,1)—dh + q—(dl—m)/2+q>> .
h=2

Proof. Adding over all the p — 1-partitions of m and using Corollary 3.3 and the identity
m m
O D
Fit ol g=m P
which follows from the Multinomial Theorem, we get the first assertion. For the second assertion, we

note that if € € u,,, there are % elements a € F; such that x,(a) =e. O

Finally, Theorem 1.1 follows by dividing [{F € F4, ..., ,) : Xp(F(2i)) =€;,1 < i < q}| (Corollary
3.4) by ’f(dl,...,d,,,l)‘ (Proposition 3.1). This gives

H{F € Fay,..a,) : Xp(F(z:) = &, 1 <i < g} _ ( p—1 >m < q >q_m
| Feasdy )] g+p—1 plg+p—1)

p—1
% (1 +0 <qeq+(1a)m qu(thr---erp,l)fdh + q(dlm)/2+q>> )

h=2

Notice that the order in which we perform the nested sum in equation (3.2) is arbitrary. Thus, we can
assume, without loss of generality, that do > --- > d,—1 while proving Proposition 3.1. As a result, the
error terms in all the statements of this section go to zero for di,...,d,—1 — oo as long as ¢ is small
enough, for example, 0 < £ < 1/r in Proposition 3.1 and 0 < ¢ < 1/(p — 1) in the other statements.

12



4 General p-fold covers and proof of Theorem 1.3

Let v be a fixed integer such that 0 < v < p—1. We now study the distribution of the traces S,(F') when
F varies over polynomials in

f(* k‘v+17 p 1) {F c JT_'dl

(dr 1) ,,,,, d,_, : Fi has k; roots over IFq,qulgigpfl}.
..... dp_

Then, if F € ]-"((; ]_C_f.*“il)’“l), the number of roots is fixed for Fy4q, ..., F,—1 only. We will always write
k = kyy1 + -+ + kp—1 for the total number of fixed roots. Notice that for v = 0 we necessarily have
k=m.

Using Corollary 3.3, we obtain the following three results.

Lemma 4.1. Let 1 <v <p—1. Fizm such that 0 < k <m < q. Choose x1,...,x4 an enumeration of
the points of Fy, and values a1 = ... = am =0, amy1,...,aq € Fy. Then, for any e >0, we have

(*:kv41,-.
’{FEF(dh dp— 1)

_ ( m )Um_kLqu1+-~+dw ( 1 )’” ( q )‘“”
m—k, ko1, kp1 Gq(2)P~1 g+p—1 (g+p—-1)(¢—-1)

p—1
<1+O< eq+(1—e)m qu(dh+ +dp_1)—dp +q (di+k— m)/2+q>>-

S F(xi)zai,lﬁiSQH

h=2

Notice that the case v = 0 was already covered in Corollary 3.3.

Proof. We first write

(ks kvt
’{ ’F(dl,--fl 1)

- ¥ ‘{Fef((;“j’ I F(mi)zai,lgigq}‘. (4.1)
ki+-+ky=m—k

K 1):F(xi):ai,1§i§q}’

By Corollary 3.3, the main term of (4.1) is

Ly_oghtFdv ( 1 >m< q )q_m Z ( m )
Cq(2)p—1 qg+p-—1 (g+p—1)(g—1) ki,....kp_1)’

ki+-+ky=m—k

and then we use the fact that

2 (kl’-fkp—l)

k14 +hoy=m—k

PR O | TR
PR k‘l,...,]{}v m—k,kv+1,...,kp_1

_ ,Umfkr m
- m =k kyityee o kpo1)

By using a bound on the error term of Corollary 3.3 which is valid for all k1, ..., k, such that k;+- - -+k, =
m — k, the result follows. O
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Lemma 4.2. As defined above, let 1 <v <p—1and k= kyy1+ -+ kp—1 with0 < k < gq. Then, for

any € > 0,
( q )Lpzqd1+”'+d“< q+v )q
g —Fkogrs ko) (2P g+ o) \g+p—1

p—1
X (1 + O <qq Z q‘s(dh+"'+dz’—1)—dh + q—(d1+k—3(1)/2>> .

h=2

(*7kv+17~--7kp—1)
f(dlvuadpfl)

For v =0, we obtain

(F1reeskp_1)
]:(dh dp—1)

( q ) Ly gqhttdek ( q )q
q_k7k15"'akp—1 Cq(z)p—l Q+p_1

p—1
X <1 +0 (qaq Z qf(dlz+"'+dp—1—(kh+“'+kp—1))—(dh—kh) + q—(fil—k’l)/2+q>> )

h=2

Proof. We have

(*7k7u+17 kp—1)
f(dl ----- dp— 1)

q
-y <q)(q _pyam HF e Fitear ) Play) = a 1< < q}’ . (42)
m=k

m

For v > 1 we use Lemma 4.1 and the identity

O] L RSN | iy
m m—k,kv+1,...,kp_1 q—k,kv+1,...,kp_1 q—m

Then, the main term of Fi kv“’ Fo=1)
(dh p 1)

LP—qu1+A..+dp_l ( > —k E ( )( m )’Um —m
Cq(2)p1t qg+p—1 m—k ko1, kp_1 e
( q ) [p_2qd1+~~.+dp_1 ( ) e q (q k') . _m
q—Fk ko1, kp1 Cq(2)P~1 g+p—1 Z q—m

=k

_ q Y R q( +v)7F
qfka kv+17"'7kp—1 Cq(2)p71 q+p71 1

Replacing m by the maximal value m = ¢ in the error term of Lemma 4.1, the result follows for v # 0.
If v = 0 we use Corollary 3.3 in equation (4.2) (in this case, the sum in equation (4.2) has one term

for m = k). The main term of ‘}"((51’ k- 1))
1, —1

(Z) (2~ ”H(kh o k) Lpzc:]?;;idw (q e 1>k <<q+p - 1>)H

_ < q )Lp2qd1+...+dp1 ( 1 )k( q )q—k
q—koki, .. kp1 G(2)p~1 qg+p—1 g+p—1 ’
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and the error term is the same as in Corollary 3.3.
O

Proposition 4.3. As defined above, let 1 < v < p—1and k = kyp1 + -+ kp—1 with 0 < k < q.

Fiz m such that 0 < k < m < q. Choose x1,...,x4 an enumeration of the points of Fy, and values
a1 =...=ay =0, ami1,...,aq € Fy. Then for any e >0,
(%, ku+17 kp—1) | N — . ; m m— -m
feertit s gy
f(* For by ) N \g+v (¢—1g+v)
(d1,.ydp_1)
p—1
« (1 +0 (qQZq5(d}L+"'+dpl)_d}L +q —(di+k— 3q)/2>>
h=2
and

{Fergltnmtr) g (Pa) =21 <i < g &) <v)m_k (q>q—m
(¢ +v)

(%,kvt15--kp—1) q T T
‘]:(dl,...,dp,l) N q
p—1
X (1 + 0 (qq Z qa(dh-‘ru.—&-dpfﬂ—dh + q—(d1+k_3q)/2>> .
h=2
If v =0, we need m =k, and in this case
{Feriir) i Fa) = a1 <i<q X
(1 yeerkip—1) T (g —1)a-F
]:(dh...,dpfl) (H)(@—1)
p—1
- <1 o (qEq qe(dh+"'+d”’1_(kh'*‘""*'kpfl))—(dh—kh) + q_(dl—kl)/2+q>> )
h=2
and
k ’” P .
HFE]:((dll dp 11)) Xp(F(l"i))ZEi,lSZSqH 1

~ (o

p—1
% <1 +0 <q€q Z qf(dh+”'+dpfl*(kh+"'+kp*1))7(dh7kh) + q(dlkl)/2+Q>> )

h=2

Proof. For v > 0, the first assertion follows by dividing the result of Lemma 4.1 by the result of Lemma
4.2, and the second assertion by observing that x,(F(a;)) = &, if and only if F(a;) takes one (¢ —1)/p
possible values in Fy. For v = 0 we use Corollary 3.3 instead of Lemma 4.1. O

The result of Theorem 1.3 then follows by taking di,...,d,—1 — oo in Proposition 4.3.
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We now compare the result of Proposition 4.3 with a probabilistic model. Let X be the random

variable taking value 0 with probability qiv, and any value in u, with probability m. For each

g-tuple (e1,...,&4) € ,u27 let m be the number of ¢ such that €; = 0. Let X;,..., X, be random variables
distributed as X with a bias counting the (unordered) k-sets {i1,...,ix} where e;;, =0 for j =1,... k,

ie.,
’ v k)T \qg+v p(g+v) ’

)m (p(qi v))q_m
> (e (D) ) Gass)

where

N~

Il
/
& 3
~——
/~
(S
+ | <
S

I
A/~ —~ 3

Thus, we obtain

Prob(Xi = : 1<i<gq) = ((7::; (qiq})rn_k <p(qq+v)>q_m, (4.3)

which are the probabilities in Proposition 4.3 for v # 0. The second statement of Theorem 1.3 then follows
from Proposition 4.3 by summing the probabilities for all tuples (e1,...,g4) such that e; +--- +¢e4 = t.
Finally, we remark that the probability for F4, .4, ,) can be written as the mixed probability

involving the probabilities for all the f((;’k”;"”;];”_l) as
seeeydp—

{F € Flay,dy )t X(F(2i) = €, 1 < i < g

| Fds,dy )]
(*,kvt1y--skp_1) | _ . (#,K0415ees kp—1)
B HF €Fa, T i x(F () =g, 1 <i < QH ‘]—'(dl’_'f;pil)" '
N (ks kvt1,m5kp—1) F :
Sikéffll ‘F(dl ..... dp_l)p ‘ (dlwwdp—l)‘

5 The geometric point of view

We prove in this section that Theorem 1.4 is a consequence of Theorem 1.1.

Let C be a cyclic p-fold cover of P}(F,). Then, C has an affine model of the form Y? = F(X),
where F(X) is a polynomial in F [X]. If G(X) = H(X)PF(X), then Y? = F(X) and Y? = G(X) are
isomorphic over F,, so it suffices to consider curves Y? = F(X) where F(X) is a polynomial which is
pth-power free.
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Let F' € F,[X] be pth-power free and monic. Recall that pth-power free over I, is the same as
pth-power free over Fy. So F' factors in Fy[X] as

d1 d2 d;,,71
FX)=[[(X —ar) [I(X = a2)? - [] (X —ap-r4)”"
1=1 =1 1=1

where the a; ; are distinct elements of F,,.

Let Cr be the cyclic p-fold cover given by Y? = F(X) = Fy(X)Fa(X)?...F,_1(X)P~! where the
F; are square-free, relatively prime, and degF; = d; for 1 < i < p—1and d = degF = dy + 2ds +
-+ 4+ (p — 1)dp—1. The number of branch points on Cr is R = diy + -+ + dp_1 if d = 0 (mod p) or
R =dy+ -+ dp_1+ 1 otherwise (as the point at infinity is a branch point in the latter case), and
the Riemann-Hurwitz formula implies that the genus is ¢ = (p — 1)(R — 2)/2. Then, the curve Cp has
genus g if d =dy +2de+ -+ (p—1)dp—1 =0 (mod p) and 2g = (p — 1)(dy + -+ + dp—1 — 2), or if
d=dy+2dy+ -+ (p—1)dp—1 Z0 (mod p) and 29 = (p — 1)(d1 + - +dp—1 — 1).

Over Iy, one can reparametrize and choose an affine model for any cyclic p-fold cover with d; 4 2d> +

4 (p— 1)dp—1 = 0 (mod p). Furthermore, the moduli space H,, of cyclic p-fold covers of P!(F,)

of a fixed genus g splits into irreducible subspaces indexed by equivalence classes of (p — 1)-tuples of
nonnegative integers (ds, ..., dp—1) with the property that d; +2da+---+ (p —1)d,—1 =0 (mod p). We
will not expand on the equivalence relations here, but we would like the reader to note that in the p =3
case, they amount to interchanging d; and ds. The moduli space can be written as a disjoint union over
its connected components,

Hg,p — UH(dlw-vdpfl), (51)

where each component #(%1-4r-1) is irreducible. For more details about these Hurwitz spaces, see [4].
From now on, we assume that di +2ds + -+ (p — 1)d,—1 =0 mod p, and we define

. » -

‘F(jdhm,dpﬂ) = {F=RF;. "sz—l € Fldyoordj—1,d5—1ydys1,ndp—p)} fOr 1< G <p—1,
0 _

Flrdy ) = Fldrrdpr)s

Fldydy_a] = U?zo}-{dl,..qdp,l)'

For any set F of monic polynomials in F,[X], we denote by F the set of polynomials af" where o € [y
and F' € F. This defines the sets Fq, ... a, 1) f(jdl csdy1) and Fg, .4, ,) which are used in this section.
When we write a cyclic p-fold cover of P! as

Cp:Y? =F(X) (5.2)

where F(X) is pth-power free, we choose an affine model of the curve. To compute the statistics for
the components H (414 -1) of the moduli space Hg.p, we need to work with families of models where
we count each curve, seen as a projective variety of dimension 1, up to isomorphism, with the same
multiplicity. To do so, we have to consider all pth-power free polynomials in F,[X], and not only monic
ones. We fix a genus g, and a component (%% -1) for this genus as in the decomposition (5.1). For
each curve of this component, we want to count its different affine models C’ : Y? = G(X). Since C’ is
obtained from an automorphism of P!(F,), this means that G € ]?[dl,_“7dp71] (since G € ﬁ(dlw-wdpfl) if the

roots of I are sent to the roots of G, and G € .7?(jd1 csdy1) if a root of Fj is sent to the point at infinity).
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Assume that C has genus g > (p—1)? and there are two ways of writing C' as a cyclic p-fold cover, i.e.
two maps ¢; 2 : C — PL. They induce a map ¢ : C — P! x P!, ¢ = (¢1, ¢2). The image of ¢ is a curve
rationally equivalent to n; times the horizontal fiber plus ny times the vertical fiber, where n; € {1,p}
since it has to divide the degree of the projections. The adjunction formula says that the arithmetic
genus of the image is equal to (nq —1)(ny — 1) < (p— 1)%. Hence the geometric genus is at most (p —1)2,
which is strictly less then the genus of C' itself. Hence the map i from C to the image of ¢ cannot be
an isomorphism, in fact it must have degree > 1. But either of ¢; factors through 1, hence the degree of
1) can be only either 1 or p. Since we already excluded 1, it follows that the degree is p, which in turn
implies that n; = ny = 1. Hence im(¢) must be the graph of an automorphism P! — P!, and ¢; and ¢
are therefore related by this automorphism.

Hence all curves C’ isomorphic to C' are obtained from the automorphisms of P!(F,), namely the
q(q* —1) elements of PGLy(F,). By running over the elements of PGL2(F,), we obtain ¢(¢* —1)/|Aut(C)|

different models C’ : Y? = G(X) where G € ﬁ[dl,...,dp_l]' This shows that

1 Fldy,...dy1] 3
P R (5:3)

Ccenldrdp_1)

‘ ~

!

’H(dl,...7dp,1)

where, as before, the ’ notation means that the curves C' on the moduli space are counted with the usual
weights 1/]Aut(C)|.
For 1 < j <p—1, we denote

SF) = Y N(FE),

z€P(Fq)

where the value of F' at the point at infinity is given by the value at zero of X41+2d2++(P=1dp-1 (1 /X)),
Fix an enumeration of the points on P*(F,), z1,..., %441, such that x,.; denotes the point at infinity.
Then

12
0 FeU_F

leading coefficient of F© F € f(dl dp_1)>
F(zg41) = j
(dl,...,dp71).

The number of points on the projective curve C'r with affine model (5.2) is given by

q—1 p—1
S 1D NFE@) | =q+1+) Si(F)
z€P(F,) J=1 j=1
and
Tr(Frobo | ) = —S)(F), 1<j<p—1 (5.4)

It follows easily from the definitions above that
p—1 Fe ﬁ(dh---,dpa) and leading coefficient of F' is a pth-power,

Ag(F) = Z SIF)+< —1 F € Fua,,..a,_,) and leading coefficient of F' is not a pth-power,

i=1 i—1 p—1 73
J J 0 Fe szlf(dl,...,dp,l)'
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As in (5.3), we write

(R -

! 1
., meOT 9

cenldirdp—
Tr(Frobo ‘Hl )77t
Xp

It then follows from (5.3), (5.4) and (5.5) that

/

HC € Hd1dp=1) : Tr(Frobe I ) = —t}

HF € Flar, oy 1)+ Sp(F) = tH

7 = = (5.6)
[y )| ‘]:[dl,...,dp_l]
We first compute
p—1 )
’}—[dl’“'*dr’—l] - (q_l)Z‘]:(Jdl,u.,dpﬂ)
j=0
-1 — 1) L. _og@tttdp—1
_ D) Ly .
q Cq(2)P
p—1
X <1+O< gf(nttdp ) —dntl o= (di— 1)/2>>
h=2
(5.8)

by Proposition 3.1.
Fix a (¢ + 1)-tuple (e1,...,6¢4+1) where g; € ,ug for 1 <14 < g+ 1. Denote by m the number of ¢ such
that ¢; = 0. We want to evaluate the probability that the character x, takes exactly these values at the

points F(x1),...,F(xq41) where 2441 is the point at infinity of P!(F,), as F ranges over Fia, .. 4, .]-
Case 1: 441 = 0.
In this case, only polynomials from U?;% f(Jdl,..‘,dpfl) can have x,(F (24+1)) = €4+1. Also, the number
of zeros among €1, ...,&4 is now m — 1. Thus, using Corollary 3.4,

HF € ]?[dl,...,dpfl] cxp(F(2) =¢€;,1<i< g+ 1}‘

=2 ‘{Feup Vo a o e(F(a) = e, (), 1 Sigq}‘

(xE]F;

e (s () ) )

p—1
y (1 Lo <qsq+<1—s>m S gty dn q—<d1—m>/2+q>> .

h=2

(5.9)

Case 2: €441 € [ip.
In this case, only polynomials from F4, .. 4, ,) can have x,(F(z411)) = €441, and there are m values
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of €1,...,&4 which are zero. Thus,

HF € f[dlgwwdp—l] xp(F(my) =€, 1 <i< g+ 1}’
= Y WFeFu.a:xwF@)=cei1<i<qll

aEFé
xp(a)=cqi1

_ g 1Ly pghtrth ( p—1 )m ( q )qm
p Cq(2)P~1 qg+p—1 plg+p—1)

p—1
~ (1 +0 <q€q+(1—€)m Z qa(dh+"‘+dp—1)_dh + q—(dl—m)/2+q>> )

h=2
(5.10)
which is the same as (5.9).
Then, it follows from (5.7), (5.9) and (5.10) that
e it et siset)] ooty ey
Fidr ] qg+p—1 plg+p—1)
p—1
% (1 +0 <q5q+(1—a)m+1 qu(dh—i-----i-d,,,l)—dh + q—(dl—m)/2+q>> )
h=2

Putting everything together, we obtain

(G £g+1)
51+v~v+5q+1:t

2 (qi;i 1)m <p(q+i— 1)>q+1m

p—1
> (1 +0 <q5q+(1e)m+1 qu(dh,+~--+dp71)*dh + q(dlm)/2+q>>

h=2

q+1 p—1
= Prob (Z X; = t) <1 +0 (qq+1 Z gFdntHdpn)=dn | q—(dl—Sq)/2>>
i=1 h=2
where X1,..., X441 are i.i.d. random variables that take the value 0 with probability (p —1)/(¢+p—1)
and any value in p, with probability ¢/(p(¢ + p — 1)). Taking ds,...,d,—1 — 00, this proves Theorem
1.4.
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