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Non-abelian Artin-Schreier theory

K := a perfect field of characteristic p.
Gk = Gal(K/K).
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K := a perfect field of characteristic p.
Gk = Gal(K/K).
For a finite dimensional F,-vector space V' equipped with a continuous

Gy-action, we define o
D(V) = (V @&, K)°.

Theorem (Lang)

The functor V — D(V') gives a rank preserving equivalence of categories
from the category of discrete representations of Gk on finite dimensional
IF,-vector spaces to the category of p-modules over K, a quasi inverse
functor is given by D + V(D) = (D ®x K)#=!.
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K := a perfect field of characteristic p.
Gk = Gal(K/K).
For a finite dimensional F,-vector space V' equipped with a continuous

Gy-action, we define o
D(V) = (V @&, K)°.

Theorem (Lang)

The functor V — D(V') gives a rank preserving equivalence of categories
from the category of discrete representations of Gk on finite dimensional
IF,-vector spaces to the category of p-modules over K, a quasi inverse
functor is given by D + V(D) = (D ®x K)#=!.

For any ring S equipped with an endomorphism ¢, a ¢o-module over S is a
finite free S-module M equipped with a semilinear p-action such that M is
isomorphic to its ¢-pullback as an S-module.
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K := a perfect field of characteristic p.
Gk = Gal(K/K).
For a finite dimensional F,-vector space V' equipped with a continuous

Gy-action, we define o
D(V) = (V @&, K)°.

Theorem (Lang)

The functor V — D(V') gives a rank preserving equivalence of categories
from the category of discrete representations of Gk on finite dimensional
IF,-vector spaces to the category of p-modules over K, a quasi inverse
functor is given by D + V(D) = (D ®x K)#=!.

For any ring S equipped with an endomorphism ¢, a ¢o-module over S is a
finite free S-module M equipped with a semilinear p-action such that M is
isomorphic to its ¢-pullback as an S-module.

In the characteristic p case, the endomorphism ¢ is the p-th power
Frobenius. In the mixed characteristic case, ¢ is a lift of the p-th power
Frobenius.
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Non-abelian Artin-Schreier theory

For any finite free Z,-module V' equipped with a continuous Gy-action,
we define

D(V) = (V @z, W(K))®k.

Corollary

The functor V — D(V') gives a rank preserving equivalence of categories
from the category of continuous representations of Gk on finite free
Zp-modules to the category of w-modules over W(K), a quasi inverse
functor is given by D — V(D) = (D ®y k) W(K))?=".
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For any finite free Z,-module V' equipped with a continuous Gy-action,
we define

D(V) = (V @z, W(K))®k.

Corollary

The functor V — D(V') gives a rank preserving equivalence of categories
from the category of continuous representations of Gk on finite free
Zp-modules to the category of w-modules over W(K), a quasi inverse
functor is given by D — V(D) = (D ®y k) W(K))?=".

Now we further equip K with a complete multiplicative nonarchimedean
norm | - |.

Definition

For r > 0, define ﬁ'ﬁt " the ring of overconvergent Witt vectors of radius r
to be the set of f = 322, p'[x;] € W(K) for which lim;_oc p~/|x;|" = 0.
We define the norm | - |, on Rt by setting |f|, = maxien{p~ ’\x,] }.

Sint,r

Then R'"tr is complete with respect to |- |,. Let R'”t UrsoR
p p >07vk
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Non-abelian Artin-Schreier theory

For any finite free Z,-module V' equipped with a continuous Gy-action,
we define _
DI(V) = (V ®z, R .

Theorem
The functor V +— DT(V) gives a rank preserving equivalence of categories
from continuous representations of Gk on finite free Z,-modules to the

category of p-modules over R, a quasi inverse functor is given by
DY V(DT) = (DT ®ﬁi}r<1t ']?Iﬁ;t)go:l.
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Non-abelian Artin-Schreier theory

For any finite free Z,-module V' equipped with a continuous Gy-action,
we define _
DI(V) = (V ®z, R .

Theorem

The functor V +— DT(V) gives a rank preserving equivalence of categories
from continuous representations of Gk on finite free Z,-modules to the
category of p-modules over RIY; a quasi inverse functor is given by

Df s V(DT) = (Df Dz Rint)e=1.

4

Let Ro" = RIZ"[1/p]. Let RY be the Fréchet completion of Ro:"" under
the norms | - |s for s € (0, r].
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Non-abelian Artin-Schreier theory

For any finite free Z,-module V' equipped with a continuous Gy-action,
we define _
D(V) = (V @z, RE")"

Theorem

The functor V +— DT(V) gives a rank preserving equivalence of categories
from continuous representations of Gk on finite free Z,-modules to the

category of p-modules over RNt 3 quasi inverse functor is given by
Dt — v(D") = (Dt ®~» Rﬁt)¢—

4

Let Ro" = RIZ"[1/p]. Let RY be the Fréchet completion of Ro:"" under
the norms | - |5 for s E (0, r].
Let Rbd = Ur>0R , and let RK = Ur>0RK Let gK = W(K)[l/p]
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Non-abelian Artin-Schreier theory

For any finite free Z,-module V' equipped with a continuous Gy-action,

we define _
DI(V) = (V ®z, R

Theorem

The functor V +— DT(V) gives a rank preserving equivalence of categories
from continuous representations of Gk on finite free Z,-modules to the
category of p-modules over RNt 3 quasi inverse functor is given by

Dt — v(D") = (Dt ®~' Rﬁt)‘P—

4

Let Ro" = RIZ"[1/p]. Let RY be the Fréchet completion of Ro:"" under
the norms | - |5 for s E (0, r].

Let R = Ur>0R , and let RK = Ur>0RK Let gK = W(K)[l/p]

A p-module over Ex is called étale if it is the base change of a ¢o-module
over W(K). A ¢-module over 7@,’5’ or R is called étale if it is the base

change of a ¢-module over ﬁ';t
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Non-abelian Artin-Schreier theory

Theorem

The following categories are equivalent.

(1) The category of continuous representations of Gi on finite
dimensional Qp-vector spaces.

(2) The category of étale p-modules over Ek.

(3) The category of étale p-modules over 7%'2(‘1.

(4) The category of étale p-modules over R.

More precisely, the functors from (3) to (2) and from (3) to (4) are base
extensions. )
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Fontaine's theory of (¢, I')-modules

For a p-adic representation we mean a finite dimensional Q,-vector space
equipped with a continuous action of the the absolute Galois group of
(mixed characteristic) local fields with perfect residue field. Fontaine's
theory of ¢, [-modules classifies p-adic representations into various type of
(¢, T )-modules which we will explain as below.
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Fontaine's theory of (¢, I')-modules

For a p-adic representation we mean a finite dimensional Q,-vector space
equipped with a continuous action of the the absolute Galois group of
(mixed characteristic) local fields with perfect residue field. Fontaine's
theory of ¢, [-modules classifies p-adic representations into various type of
(¢, T )-modules which we will explain as below.

We restrict to Gg,-representations for simplicity. Let

H = Gal(Qp/Qp(pp>)), and let T' = Gg,/H = Gal(Qp(kp=)/Qp). The
starting point of Fontaine's theory is the following

Theorem (Fontaine-Wintenberger)
Gal(F,((7))*" /Fp((7))) = H J
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Fontaine's theory of (¢, I')-modules

For a p-adic representation we mean a finite dimensional Q,-vector space
equipped with a continuous action of the the absolute Galois group of
(mixed characteristic) local fields with perfect residue field. Fontaine's
theory of ¢, [-modules classifies p-adic representations into various type of
(¢, T )-modules which we will explain as below.

We restrict to Gg,-representations for simplicity. Let

H = Gal(Qp/Qp(pp>)), and let T' = Gg,/H = Gal(Qp(kp=)/Qp). The
starting point of Fontaine's theory is the following

Gal(Fp((7))*F/Fp((7))) = H
Define

-1
O¢ = Jim Zllmllln ") {Zaw a,EZp, I|m |a,|p—0}

n—o0 (p ) =y

Theorem (Fontaine-Wintenberger) J

which is a cohen ring with residue field F,((7)). Let £ = Og[1/p].
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Fontaine's theory of (¢, I')-modules
Define

p(f(m) = F(L+m)P —1),  g(f(m) =L+ ~1), ge Gy,

where  is the p-adic cyclotomic character.
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Fontaine's theory of (¢, I')-modules
Define

p(f(m) = F(L+m)P —1),  g(f(m) =L+ ~1), ge Gy,

where  is the p-adic cyclotomic character.
For any p-adic representation V we define

D(V) = (V &g, &™)

which is a (¢, ')-module over £. For a (¢, ')-module we mean a
w-module equipped with a continuous [-action which commutes with ¢.
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Fontaine's theory of (¢, I')-modules

Define
p(F(m) = F(1+7)P—1),  g(f(m)=F((1+m)N&) —1), ge Gy,

where  is the p-adic cyclotomic character.
For any p-adic representation V we define

D(V) = (V &g, &™)

which is a (¢, ')-module over £. For a (¢, ')-module we mean a
w-module equipped with a continuous [-action which commutes with ¢.
The p-adic completion of the direct limit

O 5 0 5 0 — -

is isomorphic to W/(F,((7))P°). In this way, we identify Og as a subring
of W(Fp((7))P).
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Fontaine's theory of (¢, I')-modules

Define
p(F(m) = F(1+7)P—1),  g(f(m)=F((1+m)N&) —1), ge Gy,

where  is the p-adic cyclotomic character.
For any p-adic representation V we define

D(V) = (V &g, &™)

which is a (¢, ')-module over £. For a (¢, ')-module we mean a
w-module equipped with a continuous [-action which commutes with ¢.
The p-adic completion of the direct limit

O 5 0 5 0 — -
is isomorphic to W/(F,((7))P°). In this way, we identify Og as a subring
of W(F,((7))P).
—1
We equip F,((7)) with a multiplicative norm | - | by setting |7T| = ppr.
This norm extends naturally to F,((7))P°. Let

Rint,r — OcalE N ,ﬁ/int,r/\ Rbd,r —£&nN ,ﬁ/bd,r

Fp((7))pert Fp((7)pert’
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Fontaine's theory of (¢

More precisely,

R =8> " am' : aj € Qp,sup{|ailp} < 400, lim p7|ajl, = 0,5 € (0,7]
s i i—+oo
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Fontaine's theory of (¢, I')-modules
More precisely,

R =8> " am' : aj € Qp,sup{|ailp} < 400, lim p7|ajl, = 0,5 € (0,7]
s i i—+oo

Let R" be the Fréchet completion of RP%" under the norms | - |5 for
s € (0, r]. It follows that

R = %aﬂr" Laj € Qp,i_l)igoop_"r\a;]p =0,s € (0,r]
1
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Fontaine's theory of (¢, I')-modules

More precisely,

Rbd,r — % a,'ﬂ'i 1aj € QP,SL;p{|ai‘p} < +00, ijrinoo Piir|ai‘p =0,s€ (O7 r]
1

Let R" be the Fréchet completion of R4’ under the norms | - |5 for

s € (0, r]. It follows that

R = Z aim' a; € Qp, ’__I)igoop_’r\a;]p =0,s € (0,r]
I€Z
Let R = U,- R, RPY = U,ugRP R = U,~oR". A (i, T)-module
over £ is called étale if it is the base change of a (¢, )-module over O¢.

A (p,T)-module over R or R is called étale if it is the base change of a
(¢, T)-module over RI".
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Fontaine's theory of (¢, I')-modules

Theorem (Fontaine, Cherbonnier-Colmez, Berger, Kedlaya)
The following categories are equivalent.

@ The category of continuous representations of Gg, on finite
dimensional Qp-vector spaces.

@ The category of étale (yp,)-modules over &.
© The category of étale (p,T)-modules over R"9.
© The category of étale (p,I')-modules over R.

More precisely, the functors from (3) to (2) and from (3) to (4) are base
extensions.
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.
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Towards a theory of (¢, [')-modules for local systems

Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.

Step 1: non-abelian Artin-Schreier theory for general bases.
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.

Step 1: non-abelian Artin-Schreier theory for general bases.

Step 2: "norm rings” for affinoid spaces.
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.
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Step 2: "norm rings” for affinoid spaces.

Step 3: Fontaine's rings for affinoid spaces.
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.
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Step 2: "norm rings” for affinoid spaces.

Step 3: Fontaine's rings for affinoid spaces.

Step 4: globalize(?).
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.

Step 1: non-abelian Artin-Schreier theory for general bases.

Step 2: "norm rings” for affinoid spaces.

Step 3: Fontaine's rings for affinoid spaces.

Step 4: globalize(?).

From now on, we fix a perfect Banach algebra R over an analytic field of
characteristic p. We denote its norm by | - |.
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.

Step 1: non-abelian Artin-Schreier theory for general bases.

Step 2: "norm rings” for affinoid spaces.

Step 3: Fontaine's rings for affinoid spaces.

Step 4: globalize(?).

From now on, we fix a perfect Banach algebra R over an analytic field of
characteristic p. We denote its norm by | - |.

For r >0, let 7%',3“ be the ring of £ =Y p'[x;] € W(R) for which

lim; o0 p~|x;|” = 0, and define | - |, on R"" by setting

1#], = max{p~|x|"}.
ieN
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.

Step 1: non-abelian Artin-Schreier theory for general bases.

Step 2: "norm rings” for affinoid spaces.

Step 3: Fontaine's rings for affinoid spaces.

Step 4: globalize(?).

From now on, we fix a perfect Banach algebra R over an analytic field of
characteristic p. We denote its norm by | - |.

For r >0, let 7%',3“ be the ring of f = Z;ﬁo p'[xi] € W(R) for which
lim; 00 p~7|x;|" = 0, and define | - |, on Rp"" by setting

1#], = max{p~|x|"}.
ieN

Let Er = W(R)[1/p] and RiZt = U,~oRIA"".
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Goal: generalize Fontaine's theory of (¢, )-modules to local systems over
nonarchimedean analytic spaces over mixed characteristic local fields with
perfect residue fields.

Step 1: non-abelian Artin-Schreier theory for general bases.

Step 2: "norm rings” for affinoid spaces.

Step 3: Fontaine's rings for affinoid spaces.

Step 4: globalize(?).

From now on, we fix a perfect Banach algebra R over an analytic field of
characteristic p. We denote its norm by | - |.

For r >0, let 7%',3“ be the ring of f = Z;ﬁo p'[xi] € W(R) for which
lim; o0 p~7|x;|" = 0, and define | - |, on ﬁ'gt’r by setting

1#], = max{p~|x|"}.
ieN

Let £g = W(R)[1/p] and RIF* = Ur=oRE™"

Let RoM" = R'"[1/p], and let Ry be the Fréchet completion of R
under the norms 1K |s for s € (0, r].

Let R = Ur>0R r, and let RR = U,>0RR
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Towards a theory of (¢, [')-modules for local systems

Definition

A p-module over W(R) (resp. g, RIft, ﬁl;?d) is a finite locally free
module M equipped with an isomorphism ©*M = M. A p-module over
Rr is a vector bundle M over R for some r > 0, together with an
isomorphism ¢*M = M of vector bundles over R% for some s € (0, r/p].
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Towards a theory of (¢, [')-modules for local systems

Definition

A p-module over W(R) (resp. g, RIft, ﬁl;?d) is a finite locally free
module M equipped with an isomorphism ©*M = M. A p-module over
Rr is a vector bundle M over R for some r > 0, together with an

isomorphism ¢*M = M of vector bundles over TE;, for some s € (0, r/p].

Theorem (Kedlaya-L.)

The following categories are equivalent.

(1) The category of étale Qp-local systems over Spec(R).
(2) The category of étale p-modules over Eg.

(3) The category of étale p-modules over 7%*,’?".

(4) The category of étale p-modules over RR.

More precisely, the functors from (3) to (4) and from (3) to (2) are base
extensions.
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Towards a theory of (¢

)

modules for local systems

Remark

For a p-module M over Ry, the point o € M(R) so that M, is étale
forms an open subset of M(R).
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Towards a theory of (¢, [')-modules for local systems

Remark

For a p-module M over Ry, the point o € M(R) so that M, is étale
forms an open subset of M(R). Furthermore, M is étale if and only if M,
is étale for any o € M(R).
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Topology of Witt vectors

Definition

Let S be perfect ring of characteristic p equipped with the trivial norm,
and we equip W/(S) with the p-adic norm. We define continuous maps
At M(S) = M(W(S)) and p: M(W(S)) — M(S) as follows. For
a € M(S), we define A(a) by setting

M) (Z p"[x,-l) = sup{p~a(x1)}.
i=0 !

For 8 € M(W(S)), we define pu(3) by setting

p(B)(x) = B([x])-
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Definition

Let S be perfect ring of characteristic p equipped with the trivial norm,
and we equip W/(S) with the p-adic norm. We define continuous maps
At M(S) = M(W(S)) and p: M(W(S)) — M(S) as follows. For
a € M(S), we define A(a) by setting

M) (Z p [x,-]> = sup{p " (x;)}.
i=0 !
For 8 € M(W(S)), we define pu(3) by setting

p(B)(x) = B([x])-

It is easy to check that o A =id and Ao u(B) > S. In fact, one can
construct a homotopy between A o 11 and the identity map on M(W/(R)),
and show that any subset of M(R) has the same homotopy type as its
inverse image of . Intuitively, one can view that pu : M(W(S)) — M(S)
realize M(W(S)) as a disk bundle over M(S) and A is a section of it.
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Topology of Witt vectors

An element z = Y%, p'[Zi] € W(og) is called primitive of degree 1 if
Zo0 € RX, a(Zo) = p %, a(zZ5) = p, and 71 € 0.
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Topology of Witt vectors

An element z = Y%, p'[Zi] € W(og) is called primitive of degree 1 if
Zo0 € RX, a(Zo) = p %, a(zZ5) = p, and 71 € 0.

Theorem (Kedlaya)
Let og = {a € R||a| < 1}. Equip W(or) with the norm (| -|). Suppose
that z € W(oR) is primitive of degree 1.

(a) For each v € M(oR), the quotient seminorm o () on W(or)/(z)
induced by A(v) is multiplicative and satisfies p(o (7)) = 7.
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Topology of Witt vectors

An element z = Y%, p'[Zi] € W(og) is called primitive of degree 1 if

Zo0 € RX, a(Zo) = p %, a(zZ5) = p, and 71 € 0.

Theorem (Kedlaya)

Let og = {a € R||a| < 1}. Equip W(or) with the norm (| -|). Suppose

that z € W(oRr) is primitive of degree 1.

(a) For each v € M(oR), the quotient seminorm o () on W(or)/(z)
induced by A(v) is multiplicative and satisfies p(o (7)) = 7.

(b) Then the map o : M(og) — M(W/(og)) indicated by (a) is a
continuous section of u, which induces a homeomorphism of M(oRg)
with M(W(oRr)/(z)). Under this homeomorphism, Laurent (resp.
rational) subspaces of M(og) correspond to Laurent (resp. rational)
subspaces of M(W(og)/(2)).
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We fix a " p-adic exp(27i)" € = (1, €1, €2, -+ ). The minimal polynomial of
€y 1S

 (14a)p -1

I+t —1

n
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We fix a " p-adic exp(27i)" € = (1, €1, €2, -+ ). The minimal polynomial of
€y 1S
 (14a)p -1
I+t —1
Note that R™"!/(F,) = Q,(en) and ¢(F,) = Fni1. The p-action thus
induces the following diagram

n

Rt/ (Fp) ® Rt /() L

l~ lN

Qp(e1) Qp(e2) —— -~

where the maps of the second row are inclusions.
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We fix a " p-adic exp(27i)" € = (1, €1, €2, -+ ). The minimal polynomial of
€y 1S
(1+7)P" —1
(147)P" "t =1
Note that R™"!/(F,) = Q,(en) and ¢(F,) = Fni1. The p-action thus
induces the following diagram

n =

Rt/ (Fp) ® RN /() L

l~ lN

Qp(el) QP(€2) -

where the maps of the second row are inclusions.
Taking p-adic completion of the direct limit of this diagram we get

Sint,1 ~ /\m
R]Fp((/wﬁ)erf/(z) = Qp(ﬁ‘p )

where

z=¢ HR) = S
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Norm field revisited

which is primitive of degree 1.
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which is primitive of degree 1.
For any S, let FEt(S) denote the category of finite étale algebras over S.

Proposition (Kedlaya-L.)

Suppose that L is a perfect analytic field of characteristic p, and that
z € W(oy) is primitive of degree 1. Applying FEt to any arrow in the
diagram
Sint,1 Sint,1
L+ R™ — R /(2)

produces a rank-preserving equivalence of tensor categories.

—

For L = Fp(())Pert, this proposition recovers Fontaine-Wintenberger's
theorem.
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which is primitive of degree 1.
For any S, let FEt(S) denote the category of finite étale algebras over S.

Proposition (Kedlaya-L.)

Suppose that L is a perfect analytic field of characteristic p, and that
z € W(oy) is primitive of degree 1. Applying FEt to any arrow in the
diagram
Sint,1 Sint,1
L+ R™ — R /(2)

produces a rank-preserving equivalence of tensor categories.
—_—

For L = Fp(())Pert, this proposition recovers Fontaine-Wintenberger's
theorem.

Theorem (Kedlaya-L.)

For z € W(og) primitive of degree 1, applying FEt to any arrow in the
diagram
R — ﬁint,l N 7’éint,1 (Z)
R R

produces a rank-preserving equivalence of tensor categories.
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Framed affinoid algebras

Definition

For J a finite index set, let Q,(J) denote the completion for the Gauss
norm of the polynomial ring Q,[J]. That is, for each labeling ji,. .., jm of
the elements of J, Q,(J) is isomorphic to Qp(T1,..., Tm), but we do not
distinguish a choice of labeling. By a framed Q,-affinoid algebra, we will
mean a pair (A, ) in which A= A(%) is a reduced Qp-affinoid algebra
and ¢ : Qp(J) — Ais a bound homomorphism for some finite set

J = J(v) which identifies M(A) with a closed immersed subspace of a
rational subspace of M(Q,(J)). In this setting, we refer to M(A) as a
framed Qp-affinoid space.
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Framed affinoid algebras

Definition
A morphism (A1,11) — (A2,v») of framed Q,-affinoid algebras is a
commutative diagram

Qp(J(tn)) —2= Ay (14.1)

.

Qp(J(2)) —2> Ay

in which the vertical arrows are bound homomorphisms, and the left
vertical arrow is induced by a function J(7) : J(¢1) — J(¢2). A basic
morphism (A1, 1) — (Az,12) is a morphism in which J(7) is injective. A
basic morphism whose underlying homomorphism A; — Aj is an
isomorphism is called a basic refinement; in this situation, we say that
(A2,1») is a basic refinement of (A1, 1).
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Framed affinoid algebras

Definition

Let (A1, 1), (A2,v2) be framed Qp-affinoid algebras. Let 7: A; — A; be
a bounded homomorphism of Qp-affinoid algebras. We define the framed
graph of T to be the framed Qp-affinoid algebra (A3, v3) in which

Az = Az, J(¢3) = J(¢1) U J(¢2), and o3 - Qp(J(1h3)) — As is given by
identifying Qp(J(11) U J(¢2)) with Q,(J(¢1))®q,Qp(J(t2)) and taking
the product of the morphisms 1 and v, o 7. By including the two factors
into the completed tensor product, we obtain morphisms

(A1,v1) — (As,13) and (A2, ¢2) — (A3, 13) whose underlying morphisms
are the map 7 : A; — A» = A3 and the identification Ay & As.
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Framed affinoid algebras

Definition

Let (A1, 1), (A2,v2) be framed Qp-affinoid algebras. Let 7: A; — A; be
a bounded homomorphism of Qp-affinoid algebras. We define the framed
graph of T to be the framed Qp-affinoid algebra (A3, v3) in which

Az = Az, J(¢3) = J(¢1) U J(¢2), and o3 - Qp(J(1h3)) — As is given by
identifying Qp(J(11) U J(¢2)) with Q,(J(¢1))®q,Qp(J(t2)) and taking
the product of the morphisms 1 and v, o 7. By including the two factors
into the completed tensor product, we obtain morphisms

(A1,v1) — (As,13) and (A2, ¢2) — (A3, 13) whose underlying morphisms
are the map 7 : A; — A» = A3 and the identification Ay & As.

v

Remark

Using framed graphs, we see that if we start with the category of framed
Qp-affinoid algebras with basic morphisms, then localize by formally
inverting the basic refinements, we recover the category of Qp-affinoid
algebras.
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Construction of norm rings

Definition
Equip Z,(J)[7] with the Gauss norm. Define the Frobenius lift ¢ on
Zp(J)[r] by the formula

> CopigTO T Tin i Z Cipvoosim (L4 )P — 1) TP TPim,

Define an action of the group I'; = ZJ x Z[J, commuting with ¢, by
declaring that v € Z; acts via the formula

3" im0 T Tin s Z Ciopim(L 7)Y = 1)OTH o T,

while (e1,...,em) € Z,J, acts via the formula

Y GO T T Y i (L )T emingo T L T,

0,eesim
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Note that

Qp () [7]/(Fa) = Qp(en){J)-

The Frobenius lift ¢ induces the isometric homomorphism

Pn : @p(ﬁn)<-/> — @p(5n+1)<-/>

which is the identity on scalars, and maps T; to T?7.
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Note that

Qp{N[=]/(Fn) = Qp(en)(J)-
The Frobenius lift ¢ induces the isometric homomorphism
n - Qp(en)(d) = Qplent1)(J)
which is the identity on scalars, and maps T; to T?7.
Proposition (Kedlaya-L.)
The map
wn - M(Qp(ent1)(d)) = M(Qp(en)(J))

is surjective, with finite fibres permuted transitively by
(Zy N p"Lp) x p"Zj.
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Note that

Qp{N[=]/(Fn) = Qp(en)(J)-
The Frobenius lift ¢ induces the isometric homomorphism
n - Qp(en)(d) = Qplent1)(J)
which is the identity on scalars, and maps T; to T?7.
Proposition (Kedlaya-L.)
The map
wn - M(Qp(ent1)(d)) = M(Qp(en)(J))

is surjective, with finite fibres permuted transitively by
(Zy N p"Lp) x p"Zj.

Let (A, 1) be a framed Qp-affinoid algebra with J(¢) = J. Let Ay , be
the reduced quotient of

A®Qp<J>,tpn—10~~~0<p0QP(€n)<J>'
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Equip Ay,» with the spectral seminorm, then we may identify M(Ay )
with the inverse image of M(A) C M(Qp(J)) in M(Qp(en)(J)); it is
closed and [ j-stable. We have

s M(Ay 1) ——— M(Ay )

Lo

o IMQp (1) () D M(Qp ().
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Construction of norm rings

Equip Ay,» with the spectral seminorm, then we may identify M(Ay )
with the inverse image of M(A) C M(Qp(J)) in M(Qp(en)(J)); it is
closed and [ j-stable. We have

s M(Ay 1) ——— M(Ay )

Lo

o IMQp (1) () D M(Qp ().

Let Ay oo be the completion of the direct limit
Apo S Ay 5o

which carries an action of I'; with fixed subring Ay g = A.
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Construction of norm rings

Equip Ay,» with the spectral seminorm, then we may identify M(Ay )
with the inverse image of M(A) C M(Qp(J)) in M(Qp(en)(J)); it is
closed and [ j-stable. We have

s M(Ay 1) ——— M(Ay )

Lo

7 ¥
v HM(QP(GI)U» —— M(Qp ().
Let Ay oo be the completion of the direct limit
Aw’oﬂAwJ ﬂ s

which carries an action of I'; with fixed subring Ay g = A.
Let 0z, be the inverse limit of

N ko,oo/(p) 2 ko,oo/(p)7

and let Ay, = oﬁ[ﬁ_l].
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Construction of norm rings

Proposition

_ : . . Sint,1
Ay o is canonically isomorphic to 7?,:“7 /(2).

We take Ay to be the "norm ring” for (A, ).
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Definition

> I A -1 ~T,r _ pbdr 5T _ pbd

"'[s,r]_ N[Svr] cro_ pr o >
CpT=RED e =Ry, € =Ty,
For0 <s<r, let CEZ’r] be the completion of 04[7] in ég’r] under the
norm max{A(B,,), A(B;,)}. Then put
C, = ﬂ0<s§rC£Z’r]7 Cy = Ur>0Cy;,
r _ gt T
B, =B,N Cy B, = Ur>0By-

Let B, be the p-adic completion of BL.
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Main result

Theorem (Kedlaya-L.)

The following categories are equivalent.

(1) The category of étale Qp-local systems over M(A).
(2) The category of étale (¢, ')-modules over By,.

(3) The category of étale (v, ')-modules over ij.

(4) The category of étale (o, ')-modules over Cy.

More precisely, the functors from (3) to (2) and from (3) to (4) are base
extensions.

[3 K.S. Kedlaya and R. Liu, Relative p-adic Hodge theory /,
http://math.mit.edu/ kedlaya/papers/.
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