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Two major problems in ramification theory

e Compute global cohomological invariants
(e.g. Euler number, conductor)

In terms of invariants of ramification
(e.g. Swan class, characteristic class)

e Describe these invariants of ramification
using ramification groups
and characteristic cycle



New inputs (~ 80’'s)

e Define invariants of ramification

as 0-cycle classes (Bloch)

e Analogy with irregular singularity

of D-modules. (Deligne, Kato, ...)



New inputs (00’'s)

e Lefschetz trace formulas for

open varieties or over a log point, dvr etc.

e Kill ramification by blow-up,

iInstead of ramified covering



New inputs (00’'s continued)

e Localized intersection product
to compensate the non-existence

of the base field in mixed char.



N o O A e

PLAN

Euler numbers and conductors
Characteristic class of an Z-adic sheaf
Ramification groups of a local field
Blow-up to Kill ramification

Graded pieces of ramification groups
Bounding wild ramification

Characteristic cycle of an /Z-adic sheaf
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1. EULER NUMBERS AND CONDUCTORS

(a) Generalization of

the Grothendieck-Ogg-Shafarevich formula (SGA5)
U/k : separated of finite type, k = k,

F /U . Qp-sheaf, £ # char k,

2dimU
xc(U,F) = > (—1)4dim HI(U,F).
q=0



THEOREM 1 (Kato-S.)
k =k, £ %= char k>0, U/k smooth, F/U smooth,
Then :

xc(U, F) =rank F - xc(U,Qp) — deg Swy F.

SwyF € CHo(X \U)g : Swan class of F,

X : compactification of U.



(b) Conductor formula
K : complete discrete valuation field (=cdvf),
k =k : residue field,
U/K : separated of finite type,
F /U . Qp-sheaf, £ # char k,
2dimU
SWrH;(Up, F) := q;o (-1)IswrgHI(Ug, F)

Swy: Swan conductor.
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THEOREM 2 (Kato-S.)

K cdvf, k =k, ¢ # char k> char K =0,
U/K smooth, /U smooth.

Then :

SWrH; (Ui, F) =rank F-SwiH. (U, Qp)—deg Swy F.

SwyF € FoG(Xg)g : Swan class of F,

X : compactification of U over Oy.
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e Formula for SwiH:(Ugk,Qp) (Bloch, Kato-S.)
e Relative version (Kato-S.) :

/-adic Grothendieck-Riemann-Roch
SwyRAHF = fiSwy F.

f: U — V/K : separated of finite type,
F /U . Qp-sheaf.
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2. CHARACTERISTIC CLASS OF AN /-ADIC SHEAF

X/k : separated of finite type,
¢ %= char k,
F/X: Qp-sheaf
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DEFINITION Characteristic class C(F) :

1 € End(F) — HU(X xp X, RHom(pryF, RpriF))
! |o"
C(F)eHO(X, Ky) < HO(X, RHom(F,F @ Kx))

0. X — X xX : diagonal, pr;: X x X — X projections,
Ky = RCL!Qg, a: X — Spec k,
(= Qu(d)[2d] if X smooth of dim d),

Tr : Trace map.
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THEOREM 3 (Abbes-S.)
U/k smooth,

F /U smooth, ¢ # char k,

j: U — X/k open immersion.

Then, if F is “potentially of Kummer type”, :
C(]|f) = rank F - C(]|Qg> — C|(SWUf).

cl: CHy(X \U) — HO(X,Kx), cycle class map.
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e Theorem 3 = Theorem 1.
e If X proper, Lefschetz trace formula (SGA5)

—
C(F) eHO(X,Kx)
| JTFX
xc(U, F)e QE
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GOAL:
(1) Define the characteristic cycle CC(F)

as a cycle on the (log) cotangent bundle.
(2) Prove

C(j1F) =cl(CC(F)).

METHOD:

Blow-up the ramification locus in the diagonal.
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3. RAMIFICATION GROUPS OF A LOCAL FIELD

K : complete discrete valuation field,
F' : residue field (may be non-perfect),
L/K : finite Galois extension,

G = Gal(L/K),
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(a) Lower numbering filtration (classical)

G=GgDODG1D---
DGy = Ker(G—>Aut((’)L/m’j’;)) D ---D 1.

compatible with subgroup
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Geometric interpretation.

OL:OK[X17 ,X’n,]/(f]_, 7fn)
D™ : rigid analytic disk of dimension n over K.

f: D™ — D™
(z1,---,2n) — (fi(z1,---,2n), -, fo(z1, .. ,20))

G = Morp, (O, K) = f~(0)

DGZ-:GHD”< )z{xEGd(x,1)<|7rLi}.

€L/K
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(b) Upper numbering filtration
DEFINITION r € Q,r > O,

o — o (connected cpt of fl(D”(r)))

containing 1 € ¢
f: D" —=D"D>D"r)={xz€D"|d(z,0) <|[rg|"}.

e compatible with quotient

e classical if F' perfect
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FIRST STEPS :

(1a) Relate characters of graded pieces of ramification
groups to differential forms.

(1b) Define the characteristic cycle of an ¢-adic sheaf

using these differential forms.
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shrinking the radius (rigid geometry)

= blowing-up (algebraic geometry),

logarithmic variant G,

globalizing,

analogy with D-modules ...
4

Graded pieces of ramification groups

Definition of the characteristic cycle
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4. BLOW-UP TO KILL RAMIFICATION

k=1k, char k=p >0,
X/k smooth,
U= X\D complement of a divisor

D = U; D; simple normal crossings (=sncd).
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(a) Blow-up to Kill tame ramification
X*xX —> X xX
Blow up at all D; x D;,

Remove proper transform of (D x X) U (X x D).

log diagonal X — X x X.

conormal sheaf Ny, x,x = Q% (log D).
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X X X

X *x X

log
Ay




EXAMPLE
X = A}é — Spec k[z] D U = Spec k[zF1]

X xp X — XxX
= Spec k[z,y] = Spec k[z,y, ut1]/(x — uy).

F/U : Tr ==z, p1in,
= H = Hom(pr3F,priF)/UxU : T =x/y =u

smooth extension on X« X DU x U.

29



(b) Blow-up to kill wild ramification
R=%;rD;, 1, € Q, 7, > 0.
(Assume r; € N for simplicity.)

(X * X)) o x5 X

Blow up at R C X in the log diagonal X — X x X,

Remove proper transform of (X *x X) x x R.
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EXAMPLE
X = A} = Spec k[z] D U = Spec k[z*1],

1
F/U: TP —T =—, ptr, r €N,

xr

H = Hom(priF,priF) /U x U
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R =1r(0),

(X « X)) = Spec klz,y,t, (1 +ty")F1]/(z — (1 + ty")y)
!
X *xX = Spec k[z,y, uT1]/(z — uy).
H: TP-T= R
CET y’r

_ rN—T T™\,2 r
= —(1+ty") (rt—l—(2>ty—|—--->
smooth extension on (X *X)(R) DU xU.
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ift of the diagonal §(): X — (X x X)(&).
conormal sheaf Ny v, vyr) = Q% (log D)(R).

(R) ig_-gR) §(R)
Ep” Lo (Xxx)) L — UxU

| R

R, X L U
EYY = v(QL (log D)(R)) x x R: twisted tangent b'dle
(V(E) = Spec S°¢)
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F /U smooth Q-sheaf. ¢ # p = char k > 0.

H = Hom(pr3F,priF) on U x U.

o i{*i(By on B = v(Ql (log D)(R)) x x R.

(R) ig_-gR) §(R)
EpY L (Xxx)B) L UuxU
5(R>T TdU
X L U

o 5(R)*j>,€R)H — Jx0;7H = j«End(F) base change map
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5. GRADED PIECES OF RAMIFICATION GROUPS
U=X\D, D sncd,

K = Frac(Ox,) : local field at the generic point &
of an irreducible component of D.

F = F(£): residue fd = function fd of the cpt.

non perfect if dimxX > 1
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Gy = Gal([_(/K), log upper numbering filtration
DEFINITION r € Q, r > 0,

GrTOQGK = Iog/GK l0g’

K Iog U GK ,l0g
s>r
PROPOSITION 4 (Abbes-S., S.) r€Q, r > 0,

GrlOgGK is abelian, killed by p.
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F/U . smooth Qy-sheaf,
V . f-adic representation of G defined by F

V=@V : slope decomposition
r>0
) =
Vv |GK,Iog %VX X X

decomposition by characters of Gr(OgGK.
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Assume r >0, V=V =V, ®x , R=rD, D irred.
THEOREM 5 H = Hom(pr3F,pr1F)/U x U

Then : 7% is smooth. (=ramification killed)
3 linear form f, # 0 on Eg™ s.t.

(R
G|y ~ End(Vy) @ Ly
§

Ly: sm rk 1 def'd by Artin-Schreier eqn TP —T = f,

(R) ;L) §(R)
— EpY L (Xxx)B) L uxu

J !

— R =rD — X

B
|
3
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x 1 char. of Gri, Gk, V = Vyx®x, H = Hom(pr3F, priF)
(R
(]i )H)|E£R) = Eﬂd(VX) X [’X7 ‘CX TP T = fX
3

DEFINITION Refined Swan conductor:
linear form f, # 0 on EER) — V(Q}((Iog D)(R)) xx &

regarded as a differential form

rswy € Q% (log D)(R) ® F(£).
(Kato : rank 1 case.)
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6. BOUNDING WILD RAMIFICATION

U=X\D,D =U; D; sncd.

F /U smooth,

R=3%;rD;, 7 € Q, m; >0,
(r, € N, r; > 0 for simplicity).
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DEFINITION H = Hom(pr5F,priF)/U x U,
Ramification of F along D is bounded by R+4:

pbase change map
s jusiH

IS an isomorphism.

(R)
(X+X)B) L — Uyxu

5(R)T Tch
X L U
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ramification of F along D is bounded by R+

Ti‘l‘

K. log acts on V trivially V 4. (R=3Y;r;D;)

= G
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Assume further V = V() v;. (R=Y,;r;D;)

V = ®y Vx ® x, x non-trivial char. of Gr%ﬁog'

_ (R) _ \/(R)
rswy: linear form on Eg—, = a point of the dual Eg,
v(R) v(R)  _
r'SWx ¢ Eﬁ_z — EDz’ , & — & €D,

PROPOSITION 6 (Abbes-S.)

v (R)
Ay =Image(rswx) C Ep. is finite over D;.
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7. CHARACTERISTIC CYCLE OF AN ¢/-ADIC SHEAF

U=X\D,D =U; D; sncd.

F /U smooth,

R=Y,r,D;, r,e€Q, r; >0,
(r, ¢ N, r; > 0 for simplicity).
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Assume:

e Ramification of F along D is bdd by R+,

oV =V0)y 1, (R=3;r;D;)
e Cleanliness condition (Kato : rank 1 case):

V=@, Vy®x, AyN(0-section) =0V iV x.

v (R)
(Ax = Image(rswy) C Ep,. )

(Wild ramification is controlled at codimension 1 points.)
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T*X (log D) = V(Qx(log D)Y): log cotangent bundle,
L(—R) =V (Ox(R)) : line bundle,

e Ax C Ep. =V (Qx(log D)(R)Y) xx D;
= ay: L(—R) xx Ay = T*X(log D) xx Ay linear

e Ax N (0-section) =0 < a, injection

47



(R — Z’LT’LD’UV — @XVX@)X}'

L(—R) xx AyXT*X(log D) x x Ay—T*X (log D)

T |

DEFINITION d = dim X. Characteristic cycle:
CC(F) = (—1)d(rank]—“. [O-section]

| dim V, 4 B
XY g aelLR) Xx Ay])

e ZUT*X(log D)) ® Z Ll?]
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THEOREM 7

Assume ramification of F along D is bdd by R+,
v =v({id v i and Ay N (0-section) =0 V ¢ Vy.

T hen:

C(HF) = cl(CC(F))

in H24(X,Qu(d)) = H?4(T*X (log D), Qu(d)).
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Key diagram in the proof

1 € End(F) = HQ(X x;, X, RHom(pr4F, Rpri F))
l Jﬂ.(R)*

 EHZ0 1 (X xg X) B i Hom(prsF, priF)(d))

i |
HZ((X x5 X)) Qu(d))®
X] ®id X |
[X] ®ide HO(X, s(R* {8 Hom(prsF, pri F))
C(F) = Tr §*(1), 6§ = nD* o 5(R)x,

(R) (R)
X 2T (X x, X)) T X« X
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COROLLARY
Further, if X proper,

XC(U, f) — (CC(?), O—SeCtion)T*XOOg D)

(cf. Dubson-Kashiwara, Laumon, ...

for D-modules in char. 0)
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OPEN PROBLEMS

Mixed characterisitic case:

e Definition of characteristic class.

e Comparison with Kato’s filtration.
Geometric case:

e Intrinsic definition of characteristic cycle.
e EXistence of clean model.

e Characteristic cycle of a D-module.
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