The arithmetic curve, Witt vectors, and zeta
jt work with C. Consani

— The counting function and the adele class space.
— The BC-system, Witt vectors and p-adic representa-

tions.
— First hints of the arithmetic curve.



Hasse-Weil zeta function

For an irreducible, smooth and projective algebraic curve
X over a finite field Fq, the Hasse-Weil zeta function is

of the form

Z(q,T) = exp (Z N (qT)TT/T)

r>1
where the counting function N(q") is the number # X (F ;)
of points over Fgr.



Soulé’s limit definition for ¢ — 1

N(q) given, and defined for q € [1, c0)

Z(q, T) = exp (Z N(qT)TT/r)

r>1

Cn(s) = (}lﬂl(q —1)XZ(q,q"°), x=N(1)

Problem :

Can one find N(q) such that {n(s) is the complete Rie-
mann zeta function :

Cn(s) = Cols) = 75/2 (s/2)¢(s)



T wo difficulties

N(1) = —oco does not allow one to use the limit defini-
tion and seems to contradict the positivity of N(q).

Lemma :

aSCN(S) _
Cn(s)

©.@)
—/1 N(uw)u °d*u

From the lemma one gets

88C@(3) _

Co(s) —/1 N(uw)u *d*u.



Theorem (CCQC)

(1) The counting function N(gq) satisfying the above
requirements exists as a distribution and is given by the
formula

—|—1
N(q)—q—dq(z Order(p) >+1

pEZ
where Z is the set of non-trivial zeros of the Riemann

zeta function and the derivative is taken in the sense
of distributions.

(2) The function N(q) is positive (as a distribution) for
q>1.

(3) The value N(1) is equal to —oo and reflects precisely
the distribution of the zeros of zeta in Elog E.



According to Soulé the value N(1) of the counting
function is the Euler characteristic of the hypotheti-
cal “curve” C over 1. Since C has infinite genus one
thus gets a priori that

N(1) = —©

hence creating a tension with the expected positivity of
N(q) for g > 1. This tension is resolved by the Theorem,
since the distribution N(gq) is positive for ¢ > 1 but its
value at ¢ = 1 is given formally by

N (D) :2_!mw(l+62—w(1)

1 1
~—FlogE, E=—
2 €

whose behavior when ¢ — 0 even reflects the density of
Zeros.
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Curve C = SpecZ??

While the counting function associated to an algebraic
variety defined over a finite field takes only integer va-
lues this is no more the case for the counting function
N(g) described above. In the function field case the
counting function N(gq) counts the number of rational
points of the associated curve fixed under the action
of the corresponding power of the arithmetic Frobenius
and for this reason one finds that N(¢*) < N(q¢%) when &
divides ¢. This is no longer the case for the distribution
N (uw) which has a contribution of the form

w2

ul — 1

k(u) =



Explicit Formulas (Riemann)

One lets
oo
9(s) = | g(w)u'd"u

The explicit formula then takes the form

g(0) +g(1) — > order(p)g(p)

pEZ

=) i logp g(p")+

P m=1

T log 7 o 2g(t) —9(1)
G+ >u>+/ S



Let us apply this formula with the function g, determi-
ned by

gr(uw) =u foruel[l,z], gz(u) =0 foru>=zx

T he left-hand side of the explicit formula gives, up to
a constant

72 plte
J = — — order
(=" +o= 3 order(n ]

Thus the left-hand side of the explicit formula gives a
natural primitive J(x) of the counting function N(xz).

10



It is thus natural to differentiate formally the family g,
with respect to x and see what the right-hand side of
the explicit formula looks like. One gets

Orgr = ud(u — x)

It is characterized as a distribution by

[ b)go(w)du = b(a)

This equality means that the distributional trace of
[ gz(u)Pyd*u is the distributional trace of ¥, since

Thus we can express N(u) as an intersection number
provided we can interpret the explicit formulas as trace
formulas.
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Explicit Formulas (Weil)

Let K be a global field, a a nontrivial character of Ag /K
and a = J] aw its local factors. Let h € S(Ck) have
compact support. Then

I h(u~

JORSIORID WD NICHOR Z/*|1_u|

XGCK 1 55

where [’ is normalized by «, and

A(x2) = [ h(w) x(u) luf* du.
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Fixed points of Cx on M = Ag/K*

Let (z,u) € M X Cg|ux = x, with v 7%= 1. There exists
v € S with

x €py={xr € M|xy =0}

The isotropy group of any x € py contains

K C Cx, K= {(ku) | ko =1 Vw # v}
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Trace of the action of K} on K,

(T€) (@) = [ h(w,9)€(w) dy

Tryistr (1) = /k(az,:r;) dx .
Te(x) = £Q) k(o y) = 60 — y)

Traistr(T) = /k(:c,a:) dr = /5(>\33 —x)dx

1
A —1]

|>\_1|/5(z)dz—

(with z = (A — 1)z)



Trace of the action of Cx on M = Ag/K*

The transverse space to py C M is the local field Ky.
The isotropy group I, = K}, acts as K}, on K, by multi-
plication

d(w)E(z) = E(ua)

Tryistr </ h(u)”&‘(u)d*u> = 2@:/% hl(u__;) d*u
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Algebraic structure of M = Ak /K*

At first M = Ag/K* was used as a (noncommutative)
space but the following structures gradually emerged :

— Ag/K* is a monoid, and one can apply the geometry
of monoids going back to Kato — spectral realization
on Hl(IP’ll,Q).

— Ag/K* is a hyperring over the Krasner hyperfield K,
this gives I‘I?b(X)’ ~ P(Hg) in positive characteristic.
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Spectral realization and Hl(IP’ll,Q)

Theorem (CC) : The cohomology Hl(]P)I%wl,Q) gives the
spectral realization of zeros of L-functions. The spec-
trum of the action of Cg on Hl(IPll,Q) by 9[—3] is
invariant by the symmetry x(g) — x(¢g—1) of Grossen-
charakters of K.

The sheaf Q[—3] is that of half-densities :

F(@)|de)? ~ f(2)|e|2|d |2
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The BC-system as a Hecke algebra

One considers the inclusion PZf" C P&' where the “axz+b"
algebraic group P is viewed as the functor which to any
abelian ring R assigns the group Pr of 2 by 2 matrices
over R of the form

Prp = {(Cl) 2)  a,be R, a invertible} :

Here g = Pi" and I' = P&' denote the restrictions to
a > 0. This inclusion 'g C I' is such that the orbits of
the left action of I'g on /T are all finite. The same
clearly holds for orbits of ['g acting on the right on
Mo\l.
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Hecke algebra Hg

The Hecke algebra Hg(l", Mg) is by definition the convo-
lution algebra of functions of finite support

fiTo\l=Q,
which fulfill the I'g-invariance condition

f(yv) = f(v), Vyel,¥y €Ty,
T he convolution product is then defined by the formula

(fr*x )N =Y A7 f2(71) -

Mo\l

Ho = HQ(P&, P;)

It contains the group ring Q[Q/Z].
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One lets e(r) € Z[Q/Z], be the canonical generators for
r € Q/Z. For each n € N, one defines endomorphisms

on Of the group ring Z[Q/Z] by on(e(v)) = e(nvy) and
additive maps pn by

pn : ZIQ/Z] — ZIQ/Z], pnle()) = ) e(¥).

ny' =~
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Presentation

The integral BC-algebra Hy = Z[Q/Z]x ;N is the algebra
generated by the group ring Z[Q/Z], and by the elements
fin and wr, with n € N, which satisfy the relations :

finzily, = pn(2)
phr = on(a)
Tiin = finon(x),

where p,, m € N as above, as well as the relations

fnm = fnpim, Vn,m
Hnm = Hnlm, Yn,m
Ppfn =1

Anplyy, = Pombn (n,m) = 1.
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Time evolution

Regular representation of the Hecke algebra H¢ (I, M)
in ¢2(I" /o), and canonical time evolution.

T he time evolution is given by the following one-parameter
group of automorphisms of the algebra H¢ :

Ut(ﬁn) — nZtﬁna O't(/,b;;) — n—lt'u;l;’

ot(e(r)) = e(r).
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KMS Condition

Imz=[3

iB F(t +iPB) = ¢(oy(b)a)

e 0 F(D) = ¢(aoy(b))

Fry(t) = o(xo(y)), Fry(t+iB) = o(or(y)z), VtecR.
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Phase transition with SSB

The unique KMS state above critical temperature is

_ -1
og(e(a/p)) =077 ] (1 p_1>,

p prime, p|b l-p

and the extremal KMS states below critical temperature
are

Tr(mp(e(a/b))e P

oppela/t)) = ALK
R T .
— C(B) — P(Ca/b)7

where m, is the representation of the algebra A on the
Hilbert space H = ¢?(N) given by

Wp(ﬂn)em — €nm, Wp(e(a/b))em — p(CZZ}b)Em,
24



where p € Z* determines an embedding in C of the
cyclotomic field Qcyd generated by the abstract roots
of unity.

25



Three Wittt functors

Wo(A) = Ko(Endy)/Kg(A).
The key additional structures are given by

1. The Teichmuller lift which is a multiplicative map
T.:A— Wo(A)

2. The Frobenius endomorphisms F,, for n € N.

3. The Verschiebung (shift) additive functorial endo-
morphisms V,,, n € N.

4. The ghost components gh,, : Wo(A) — A for n € N.
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The BC-system and Wq(F))

To each o : IF‘;; ~ u(p) C u C C*, corresponds a canoni-
cal isomorphism o

Wo(Fp) -2 2[u®P] C Z[p) "=E0 2 P)]

The Frobenius Fj,, and Verschiebung maps V;, of WO(]F‘p)
are obtained by restriction of the endomorphisms o,, and
maps pn of Z[u] = Z[Q/Z] by the formulas

5'0Fn:O-n05-, 5'Ovn:’r’Oﬁn05'
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This Theorem shows that the integral BC-system with
its full structure is, if one drops the p-component, com-
pletely described as Wq(Fp). As a corollary one gets
a representation mw, of the integral BC-system Hy on
Wo(Fp),

To(x)§ = 5_1("“(33))57 770(,“:,) = Fn, 7o(jiin) = Vn
for all £ € Wqo(Fp), = € Z[Q/Z] and n € N.
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W(A)

L(r(f)) = (1 —tf)~" € A(A) := 1+ tA[[¢]]
(14D ant™) * (14> but") =14 arbit+
+ (a3b7 — azb? — aTbs + 2anba) t2 + . ..

A W(A) — A(A), z = (zn)nen > fo(t) = [[(1—znt™) 1
N
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W0 (A)

Wyeo is the Witt functor using the set of powers of the
prime p.

W(Fp) = (Wyoo (Fp)) )

where I(p) C N is the set of integers which are prime to
p. Let QY" C C;, be the completion of the maximal unra-
mified extension Q" of p-adic numbers. Then Wpeo (Fp)
is the completion ZZL;” C Qg” of the subring generated
by roots of unity.
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W(F,) and p-adic representations of the BC-system

Let ¢ € X, and p : QP — C, the associated embed-

ding. The representation n, of the integral BC-system

Hy, extends to W(F,). For n € I(p), the my(un) and for

z € Z|Q/Z], the ms(x) are Zy"-linear operators such that

To(Un)em = enm, wo(e(a/b))em = p(CQ}b)em, vn €N, m,b e I(p).
Moreover

IS the inverse of the Frobenius automorphism, acting
componentwise as a skew linear operator.
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Partition function and p-adic L-functions

ZG. B = 3 ple)m ™’

mel(p)
(P~ =1, Z() ) —1)7
0
20 =— Y )<C>1_B§(1 )(bpyB-
b bq 1<e<bq, c¢pN /" p-1 0 J
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The formula
©.@)
lg(z) = > n P
n=1
defines the multiple logarithm and fulfills

20:£5(2z) = Lg_1(2).

For 8 = 0 the sum gives the rational fraction /p(z) =
17— and this shows that when 3 € —N is a negative
integer £3(z) is a rational fraction. Thus it makes sense
over any field. For 8 a negative odd integer of the form

B=1—-m=1—-k(p—1), one has

(1 - p PP 2(.8) = €5(p(Cyn)) € Q™

which is formally independent of the prime p.
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KMS at a prime p

Since when 8 € —N is a negative integer (g(z) is a
rational fraction, one can prove identities for arbitrary
B8 € D by checking them on these special values. For
any m € N and (, a primitive m-th root of unity, one

has
1 m—l

> £5(Ghx) = m P eg(z™)

m
=0
One can show the analogue of the KI\/IS[3 condition for

the Cp-valued functionals on the integral BC-system Hy,
such that, in particular,

1
Z(p)

op.p(e(a/b)) = = Zp(;. B).
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First hints towards the ‘“curve” for the global field Q

In the case of number fields, the groupoid of prime
elements of the hyperring Hyk still makes sense and the
iIssue is to construct, in characteristic zero, a geometric
model similar to the curve and its abelian cover in the
function field case. Let K be a function field, i.e. a
global field of characteristic p > 1 and let F; C K be
the field of constants. The abelian cover of the curve
iS obtained by the following steps

(1) One considers the maximal abelian extension KaP >
K of K.
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(2) One considers inside K23° the finite extensions E D

(3) For each such extension E the space of (discrete)
valuations is turned into a scheme with non-empty open
sets given by complements of finite subsets and struc-
ture sheaf given by the intersection of the valuation
rings inside E.



The space Val,(Q%Y°)

The space Valp,(Q<¥¢), of valuations on Q%Y¢ exten-
ding the p-adic valuation of Q is canonically isomor-
phic to the quotient >, of the space X, of isomor-
phisms o : I_F;; — u(p), by the action of the Galois group
Gal(Fp : Fp) acting by composition on the right. One
can describe 2, concretely by looking at the corres-
ponding addition on i{?) = {0} U u(P) which is inherited
from the given isomorphism with F,. It suffices to spe-
cify the addition with 1 and this shows that %>, is the
set of bijections s of a(®) = {0} U u(P) which commute
with all their conjugates under rotations by elements of
1), and fulfill s(0) = 1, soso...os = id with p factors.
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Mapping torus Y,

But the comparison with the adele class space shows
that the space >, is not what one wants as a fiber over
p and one expects a finer space, which is the mapping
torus Y, of the action of the Frobenius on X,. More

concretely Y, is the quotient

of the product X, x (0,1) of X, by the open interval
(0,1) C R by 8 where

0(c,p) = (00 Fr,pP), Vo€ Xy, pe(0,1).
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Gluing together the Y,

A. Weil showed how to construct the Weil group which
compensates, at the Galois level, the absence of the
connected component of identity in the idele class group.
We face here a similar problem at the level of the
“curve”. One should then perform the gluing of the
fibers Y, for different primes since as explained earlier,
one needs to embed all these fibers in the same non-
commutative space to account for the transversality
factors in the explicit formulas.
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The endomotive Fi~ Qp, Q

Following a proposal of Soulé for Fqn RF, Z,, we noted
that

Fi1x @, Q = Q[Q/Z]

is the abelian part of the BC-system. What matters
is that, with this description of the BC-system as an
endomotive £, one can consider its points over any ring
A and for a QQ-algebra this is just

£(A) = Hom(Q[Q/Z], A) .
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One can describe the space X, as
Xp = Hom(Q®P,Qg") = Hom(QYVP,Cp).
One obtains in this way, for each p the inclusions

Xp C Hom(Q[Q/Z],QuM) = £(QE") = £(Cp) .

By comparison with the adele class space Hg, one finds
that the natural noncommutative space in which the
above fiber Y, embeds naturally is the quotient

(E€(Cp) x (0,1]) /N

where the action of n (in the semi-group N) is the pro-
duct of the action of the n-th Frobenius of the endo-
motive by the map = — z" in the interval (0, 1] C R.
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Characteristic 1

A commutative semi-ring is called multiplicatively can-
cellative when the multiplication by any non-zero ele-
ment is injective. Characteristic 1 means

r+x=x, Vz

Let R be a multiplicatively-cancellative commutative
semi-ring of characteristic 1, then for any integer n € N,
the map =z — z™ is an injective endomorphism of R.

A multiplicatively-cancellative commutative semi-ring
of characteristic 1 is called perfect if the endomorphism
R — R, x+— x™ is surjective for all n.
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Fractional powers

Ya . R — R, Va(x) = 2%, VaeQl.

Then, by construction, the J,'s are automorphisms 9, €
Aut(R) for a € Qj_ and they fulfill the following proper-
ties

e Yp(x) = 2™ for all n € N and x € R.
° 19)\019” :19)\lu for all A\, u € @j_

o Jy(x)Iyu(x) = Iy, (x) forall A\, pe Qj_ and x € R.
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Witt in characteristic p

R a strict p-ring with S = R/pR and let 7 be the
Teichmiiller lift 7 : S — R. We consider the ring S[[T1]]
of formal series in T" with coefficients in S.

Fpl[T]] C SIIT]]
We use 7 to get a bijection of S[[T]] with R,

F( snT™) = Y (sn)p" € R

where the sum is p-adically convergent.
Theorem :

For any =,y € S one has
m(z) + () = 7Y wp(a)z®yt ™)
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Coefficients w(«a) in characteristic one

To obtain the analogue of the Witt construction in cha-
racteristic 1, one looks for w(a) for « € I = QnN [0, 1]
giving associative and commutative operation

$_|_/y — Z w(a)xayl—a

aEl
Besides

w(l —a) = w(a)

one needs

w(@yu()” = w(asyu()@-e?), § =220
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Positive solution

Let G be a uniquely divisible ordered abelian group such
that z — % extends to an action of RX. Let w: I - G

be a solution such that
w(a) >1, Vael
Then there exists p € G,p > 1 such that

w(a) = p—alog oz—(l—a)log(l—a)’ Va € I

45



Entropy

S(a) = —aloga— (1 —a)log(l — a)

log(e®+¢e?) = sup S(z) 4+ za+ (1 — )b
x€[0,1]
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Real Analysis ‘ Geometry over C

Idempotent Analysis ‘ Tropical Geometry

One considers the semiring Ry D B with addition

(z,y) — max(x,vy)

and the one-parameter group 6, € Aut(R7}**), 0)(z) =

T
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Towards RY"

To eliminate p it is natural to allow all values of p, i.e.
to introduce a parameter 1" > 0O,

p=cl R, p>1
w(a) depends on T as it does in the Witt case :
w(a,T) = o 11 - oz)_T(l_O‘)
This means that one works with functions
max
f(r) e RY

with the usual pointwise product and the new addition

(1w 2)(T) = 3 wla, T)f1(T)* f2(T) '

acl
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Lemma

T he addition 4 is given by

(f1 4w F2)(T) = (F1 (YT + fo(T)Y/THT
for T > 0 and by

(f1 +w f2)(0) = sup(f1(0), f2(0))

The sum of n terms T independent of T is given by
T
1/T
r1 tw: - twITn = (ZCU]/ )

1+w1+w""|"w1:nT
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Teichmuller lift

The constant functions 1T'— x are the analogue of the
Teichmuller representatives

(x)(T) = =x VT

One has
m(z) +7(y) = Y wla,T) 2%
acl
where the sum in the right hand side is computed in
Rmax_

_I_
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Residue morphism

The evaluation at 7' = 0 is by construction a morphism

e: f— f(0) GR_TaX

We view this morphism as the analogue of the canonical
map which exists for any strict p-ring

ep : Wp(K) - K = Wy(K)/pWy(K)
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The automorphisms a), € Aut(R%")

One has a natural one parameter group of automor-
phisms «) which corresponds to the 8, € Aut(R"jl_mx). It
IS given by

ax(H(T) = f(T/XN)  VAER]

One has

eoa) =0y0€e, VA
and

ayoT =700, VA
Moreover the fixed points of «) are of the form

f(r)=a'

and they give the semi-field Ry.
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Characters and representation by functions

For each T > O the algebraic operations on the value
f(T') are the same as in the semi-field Ry using the
evaluation f(T)Y/T. Thus there is a uniquely associated
character xr which is such that

xr(f) = F()YT

and we use the characters yr to represent the elements
of the extension RY" as functions of T with the ordinary
operations of pointwise sum and product.
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The extension RY"

This shows that after symmetrization and passing to
the field of quotients RY" contains at least the fractions
of the form (in the x representation)

(D) = (X Ae™T) / (X mye™1T)
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Deformation parameter 7' = #hH

The key example is given by the functional integral in
the Euclidean formulation of Quantum Field Theory.
Indeed the generating function of Euclidean Green’s
functions is given by

h

where S(¢g) is the Euclidean action, in terms of the
Euclidean classical fields ¢, the source Jg is an element
of the linear space dual to that of Euclidean classical
fields and the normalization factor N is the inverse of

/exp (—S(zE)> Dl¢g]
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Such integrals are typical sums involving 44 where w
IS the function of A given by

w(a,h) = a (1 — a)_h(l_o‘)

but since the sums are infinite one needs to extend the
entropy from finite partitions of 1 to infinite partitions.



