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The affine communication lemma

Here is a detailed exposition of the affine communication lemma proved in class on
February 22. This is taken from Ravi Vakil’s Math 216 lecture notes, which you may find
more readable than Hartshorne Chapter II (or not).

For X a scheme, a local property is a property P of open affine subschemes of X satisfying
the following axioms. Here Spec(R) denotes an arbitrary open affine subscheme of X.

(i) If Spec(R) satisfies P, then so does Spec(Ry) for all f € R.

(ii) If there exist fi,..., f, € R generating the unit ideal such that Spec(Ry,) satisfies P
for i =1,...,n, then Spec(R) satisfies P.

The affine communication lemma is the following statement. (This name is due to Ravi
Vakil.)

Lemma 1 (Affine communication lemma). Let X be a scheme and let P be a local property
of open affine subschemes of X. If X is covered by open affine subschemes satisfying P, then
every open affine subscheme of X satisfies P.

Before proving this lemma, let us explain how it will be used in the theory. We will use
it in several different ways.

e Properties of schemes: let P be a property of affine schemes satisfying axioms (i) and
(ii). Then we may formally extend P to a property of arbitrary schemes by declaring
that X satisfies P if X is covered by open affine subschemes satisfying P. It will then
follow from the lemma that every open affine subscheme of X satisfies P. We will say
that any such property is a local property of schemes (e.g., reduced).

e Properties of sheaves: let P be a property of sheaves on affine schemes. Suppose that
for each scheme X and each sheaf F on X, “the restriction of F to Spec(R) satisfies
P” is a local property. Then we may formally extend P to a property of sheaves on
arbitrary schemes. We will say that any such property is a local property of sheaves of
schemes (e.g., quasicoherent, finitely generated, locally free).

e Properties of morphisms, part 1: let P be a property of morphisms from an arbitrary
scheme to an affine scheme. Suppose that for each morphism f : Y — X of schemes,
“the restriction of f to Spec(R) satisfies P” is a local property. Then we may formally
extend P to a property of sheaves on arbitrary schemes. We will say that any such
property is local on the base or local on the target (e.g., open immersion, closed immer-
sion, finite, separated, quasicompact, quasiseparated). Note that stability under base
change is a separate issue; we’ll come back to that.



e Properties of morphisms, part 2: let P be a property of morphisms from an affine
scheme to an arbitrary scheme. Suppose that for each morphism f : X — Y of
schemes, “the restriction of f to Spec(R) satisfies P” is a local property. Then we may
formally extend P to a property of sheaves on arbitrary schemes. We will say that any
such property is local on the source.

o A hybrid: let P be a property of a morphism f : X — Y together with a sheaf F on
X, et cetera. This is getting ridiculous, but there is one important property (flatness)
which is defined in this context.

Now to prove the lemma.

Proof of Lemma 1. By assumption, we can cover X with open affine subschemes {Spec(.S;);er}
satisfying P. Recall that the distinguished open affine subschemes of Spec(S;) form a topo-
logical basis of that space; by this observation plus axiom (i), X admits a topological basis
consisting of open affine subschemes satisfying P.

Let Spec(R) be an arbitrary open affine subscheme of X. By the previous paragraph,
Spec(R) can be covered by open affine subschemes Spec(S;) satisfying P, but these need
not be distinguished. However, the distinguished open affine subschemes of Spec(R) form
a basis, so we may choose elements f; € R such that the schemes Spec(Ry,) cover Spec(R)
and each Spec(Ry,) is contained in some Spec(S;). As usual, the Spec(Ry,) cover Spec(R)
if and only if the f; generate the unit ideal in R, so we need only keep the finitely many of
them used in some specific representation of 1; that is, we may take the f; to be fi,..., f,
for some n.

The key point now is that the inclusion Spec(S;) — Spec(R) allows us to view f; as an
element of S;. As open subschemes of X, we then have

Spec((Si)y,) = {x € Spec(S;) : f; ¢ m.}
= Spec(S;) N {x € Spec(R) : f; ¢ m,}
= Spec(S;) N Spec(Ry,)
= SpeC(Rfj)J

so we may propagate P from Spec(S;) to Spec((S;)y;) = Spec(Ry,) using (i) and from
Spec(Ry, ), ..., Spec(Ry,) to Spec(R) using (ii). O

I mentioned base change earlier, so let me add another lemma here.

Lemma 2. Let P be a property of morphisms of schemes which is local on the target.
Suppose moreover that for every morphism f :Y — Spec(R) of schemes satisfying P and
every morphism Spec(S) — Spec(R) of affine schemes, the morphism Y Xgpec(r) Spec(S) —
Spec(S) satisfies P. Then P is stable under base change: for every morphism f:Y — X
satisfying P and every morphism g : Z — X, the morphism Y Xz X — Z satisfies P.

Proof. Straightforward. O



