Computational tools for algebraic number theory
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Number theory as an empirical subject
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9580074 + 2175197 + 41456074 = 42248174



The L-Functions and Modular Forms Database
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Absence of evidence vs. evidence of absence

A mathematician is like a blind person in a dark room looking for a black cat which isn't there. -- attribution unknown

(/\/}:Xif,_.. /wﬁﬂf’/«l//ggﬁ
(<, ) (X 3y ey )T 2O
\F O/IC’{R 9(2/%56 g — IK

(/<| ~’<2 )L(//'_/5>2/’(2 "ij< oF
— W



Active tools for computational number theory

Pari/GP (open-source, custom language or C API) l’(( e / /9 L‘ e N
M - — ) .
agma (closed-source, custom language) / < e A~ fb red, 5711 {v%,m}

e
« SageMath (open-source, Python) (‘yﬂ-m Lo
~ageMath (open-source o L sccess

Nemo (open-source, Julia; part of the Oscar project)



http://pari.math.u-bordeaux.fr/
http://magma.maths.usyd.edu.au/magma/
https://www.sagemath.org/
http://nemocas.org/index.html
https://sebasguts.github.io/downloads/ICMS2018.pdf

A quick start with CoCalc

See Thomas Grubb's video introduction.

Note: CoCalc can only provide access to open-source platforms (this excludes Magma).


https://ucsd-som.hosted.panopto.com/Panopto/Pages/Viewer.aspx?id=eb311edf-a9d6-46c1-9796-ac580010e2ef

Number fields in SageMath

Examples of constructing number fields:
« Quadratic fields (real or imaginary)

Cyclotomic fields

Adjoining a root of a polynomial

Splitting field of a polynomial

Iterated extensions




More functionality as time permits

e Trace and norm

o Discriminant

o Minimal polynomial

« Ring of integers

o Class number

o Unit group

o Factorization (in class number 1 cases)
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K = QuadraticField(-1)

Number Field in a with defining polynomial x*2 + 1 with a = 1*I

K(5).factor().

(a) * (-a - 2) * (2*a + 1)

K2 = QuadraticField(2)

K2 .factor()

(-1) * (-2¥a + 1) * (2%a + 1)
K3 = CyclotomicField(5)
z = K3.gen()

K3fl<z> = CyclotomicField(5).

1
z.minpoly ()

XM o+ x"3 + x"2 +x+1

Pi<x> = PolynomialRing(Rationals()).

Kafl<a> = NumberField(x"3-x+1).

K4.discriminant()

-1
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K50<b> = (x*3-x+1).splitting field()

K5.degree()
6

Number Field in b with defining polynomial x"6 + 3*x*5 + 19*x"4 + 35*x"3 + 127*x"2 + 73*x + 271

(x"3-x+1).roots(K5)

[(1/69*b"5 + 2/69*b"4 + 13/69*b"3 + 2/69*b"2 + 12/23*b - 100/69, 1),
(-3/575*%p"5 - 3/575*b™4 - 1/575*b"3 + 147/575*b"2 + 6/23*b + 906/575, 1),
(-16/1725*b™5 - 41/1725*b"~4 - 14/75*b"3 - 491/1725*b~2 - 18/23*b - 218/1725,
1)]

K6li<c> = NumberField(x~3-x+a)

Number Field in c¢ with defining polynomial x*3 - x + a over its base field

Number Field in a with defining polynomial x°3 - x + 1

K4.class_number()
1

K4.ring of integers()

Maximal Order in Number Field in a with defining polynomial x"3 - x + 1

R = K4.ring of integers()

K4.unit_group()

Unit group with structure C2 x Z of Number Field in a with defining polynomial x"3 - x + 1

1 = K4.unit_group().gens()
K4(1[1])
a

a.multiplicative_order()

+Infinity



